The dimension of the tangent bundle and theg
universality of the vertical lift ..

Florian Schwarz
Category theory Octobed

Tangent categories

Exampiés of tangent
categories

Tangent dimensions

| Examples of tangent
| dimensions

s




Tangent categories Examples of tangent categories Tangent dimensions Examples for dimensions
@000 (e]e] [e]e]e]0) [e]e]e}

Tangent categories




Tangent categories
[o] lele}

A tangent category is a category X with:
® An endofunctor T : X — X

m A projection natural transformation p : T — 1 with pullback powers
T,M preserved by T.

A addition natural transformation +: T, — T
A zero natural transformation 0:1 — T
A vertical lift natural transformation ¢ : T — T2

A canonical flip natural transformation ¢ : T2 — T?2
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such that (p, +,0) is an additive bundle and (¢,0) and (c,11um) are
additive bundle morphisms,
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the equations coc =1, cof =/ hold, the diagrams

J4 T V4 T
T T2 s T s T s s T s
l[ T(Z)l J'CT T(c)l lc J,CT
T2 —— T3 T3 — T3 — T3 T2 — T3
br T(c) cr T(¢)

commute and the following diagram is a pullback:

T(+) o (£omy,00m)

To(M) ‘TZ(M)
.
pomy :po‘rrll lT(p)
M > T(M)

This last condition is the universality of the vertical lift.
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Examples

The usual tangent bundle on smooth manifolds forms a tangent
structure.

m T(M)=TM

p: TM —= M, v, —p

+: oM — TM, (vp, wp) — v, + Wy
0:M— TM,p+ 0,

0:TM — TTM, v, — (vo,)o,

c: TTM — TTM, (ay,)w, = (aw,)v,

Trivial tangent structure
Any category X with the identity functor 1x : X — X and the identity
natural transformations p =0 =+ = ¢ = c = 1 is a tangent category.
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Non-example (Vooys)
Take Mfld, the category of smooth manifolds and smooth maps with

m T(M)=MxR
p=m:MxR— M x— (x,0)

0: M= MxR,x— (x,0)

T MxRxR—= MxR,(x,a,b) (x,a+ b)
{:MxR—MxRxR,(x,r)— (x,0,0)
BEC.MXRXR—->MxRXR,

Universality of the vertical lift
MXRXR——— M xR xR

l l

M » M xR

However, in Mfld, pullbacks along submersions fulfill

dim(A xg C) = dim(A) + dim(C) — dim(B).
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Dimensions

dim(A) 4+ dim(C) = dim(A xg C) + dim(B)
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Let R be a commutative monoid and X be a category. An R-valued

dimension on X is an assignment dim : Ob(X) — R such that for
pullbacks

AXBC—) A

I

¢ —— B
Y

m if f is a retraction and g is a section, and
m if f and g are both retractions,
the equation dim(A) + dim(C) = dim(A xg C) + dim(B) holds.

Examples
m VX,dim(X) = c is a dimension for any constant ¢
m the classical dimension of manifolds
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Let R be a commutative monoid. Let (X, T) be a tangent category with
an R-valued dimension dim.

B Then dim(T?(X)) +2-dim(X) = 3 - dim(T(X)).

B /f R is an integral domain and
Jda € R such that VX, dim(T(X)) = a-dim(X),

then a=1 or a = 2 works.

Proof idea
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What does this buy us?
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What does this buy us?

m Easy check to show something is not a tangent structure
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Finite Sets

Example
Let FinSet be the category of finite sets and functions. The cardinality is
an N-valued dimension dim(X) = #X on FinSet°?.

Consequences
m Any tangent structure on FinSet®® fulfills

H#T2(X)+2-#X =3-#T(X).
m Any Cartesian tangent structure on FinSet? fulfills

TX)=X o  T(X)=XUX.



Examples for dimensions
(o] le}

CW complexes

Example
Let CW be the category of finite CW complexes and cellular maps. Then

the Betti numbers
(Bn)neN X = (dim(Hn(XvQ)))nEN

form an NV-valued dimension on CW°P.
Consequence
Any tangent structure on CW°P fulfills

B,(T?(X)) +2-By(X) =3-Bn(T(X)).
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