
Local categories
A new approach to partiality

Marcello Lanfranchi presents:

Joint work with JS Lemay



PartialityC
ha

pte
r 0



M
oti
vat
ion

Different flavours of partiality



M
oti
vat
ion

Different flavours of partiality



M
oti
vat
ion

Different flavours of partiality



M
oti
vat
ion

Different flavours of partiality



M
oti
vat
ion

Different flavours of partiality
Restriction categories capture
well partiality on functions



M
oti
vat
ion

Different flavours of partiality
Restriction categories capture
well partiality on functions

What about the other flavours?



T
he 

M
enu

Plan for today
Restriction categories

Local categories

Partial categories

Inclusion systems

The fundamental theorem
of partiality



Restriction Categories
Partiality on morphisms

C
ha

pte
r 1



Restriction Categories Cockett
Lack

2000
D

efin
itio
n A restriction structure on a

category consists of:



Restriction Categories Cockett
Lack

2000
D

efin
itio
n A restriction structure on a

category consists of:



Restriction Categories Cockett
Lack

2000
D

efin
itio
n A restriction structure on a

category consists of:



Restriction Categories Cockett
Lack

2000
D

efin
itio
n A restriction structure on a

category consists of:



Restriction Categories Cockett
Lack

2000
D

efin
itio
n A restriction structure on a

category consists of:



Restriction Categories Cockett
Lack

2000
D

efin
itio
n A restriction structure on a

category consists of:



Restriction Categories Cockett
Lack

2000
E
xa
mp
les Category of SETS and

PARTIAL functions:



Restriction Categories Cockett
Lack

2000
E
xa
mp
les Category of SETS and

PARTIAL functions:



Restriction Categories Cockett
Lack

2000
E
xa
mp
les Category of SETS and

PARTIAL functions:



Restriction Categories Cockett
Lack

2000
E
xa
mp
les Category of SETS and

PARTIAL functions:



Restriction Categories
E
xa
mp
les Category of SETS and

PARTIAL functions:
Opposite category of RINGS and
NON-UNITAL morphisms:



Restriction Categories
E
xa
mp
les Category of SETS and

PARTIAL functions:
Opposite category of RINGS and
NON-UNITAL morphisms:



Restriction Categories
E
xa
mp
les Category of SETS and

PARTIAL functions:
Opposite category of RINGS and
NON-UNITAL morphisms:



Restriction Categories
E
xa
mp
les Category of SETS and

PARTIAL functions:
Opposite category of RINGS and
NON-UNITAL morphisms:



Restriction Categories
C
on
cep
ts In a restriction category:



Restriction Categories
C
on
cep
ts In a restriction category:



Restriction Categories
C
on
cep
ts In a restriction category:



Restriction Categories
C
on
cep
ts In a restriction category:



Restriction Categories
C
on
cep
ts In a restriction category:



The splitting completion
T
heo
rem Every restriction category

embeds in a split restriction
category.

Cockett
Lack

2000



The splitting completion
T
heo
rem Every restriction category

embeds in a split restriction
category.

Cockett
Lack

2000



The splitting completion
T
heo
rem Every restriction category

embeds in a split restriction
category.

Cockett
Lack

2000



The splitting completion
T
heo
rem Every restriction category

embeds in a split restriction
category.

Cockett
Lack

2000



The splitting completion
T
heo
rem Every restriction category

embeds in a split restriction
category.

Cockett
Lack

2000



C
ha

pte
r 2

Local Categories
Partiality on objects



The L construction
I
dea Take total maps of Split_R:



The L construction
I
dea Take total maps of Split_R:



The L construction
Take total maps of Split_R:

I
dea



The L construction
Take total maps of Split_R: The local structure:

I
dea



The L construction
Take total maps of Split_R: The local structure:

I
dea



The L construction
Take total maps of Split_R: The local structure:

I
dea



Local categories
D

efin
itio
n A local structure on a category

consists of:



Local categories
D

efin
itio
n A local structure on a category

consists of:



Local categories
D

efin
itio
n A local structure on a category

consists of:



Local categories
D

efin
itio
n A local structure on a category

consists of:



Local categories
The category of PARTIAL sets:

E
xa
mp
les



Local categories
E
xa
mp
les The category of PARTIAL sets:



Local categories
E
xa
mp
les The category of PARTIAL sets:



Local categories
E
xa
mp
les The category of PARTIAL sets: The opposite category of Rings

with idempotents:



Local categories
E
xa
mp
les The category of PARTIAL sets: The opposite category of Rings

with idempotents:



Local categories
E
xa
mp
les The category of PARTIAL sets: The opposite category of Rings

with idempotents:



The R construction
I
dea Start with a local category and

construct the following
restriction category:



The R construction
Start with a local category and
construct the following
restriction category:I

dea



The R construction
Start with a local category and
construct the following
restriction category:I

dea



The R construction
Start with a local category and
construct the following
restriction category:I

dea



The R construction
Start with a local category and
construct the following
restriction category:I

dea



The R construction
Start with a local category and
construct the following
restriction category:I

dea



Local = Restriction
There is a 2-equivalence

between the 2-category of
restriction categories
and the 2-category of
local categories.

Lanfranchi
Lemay

2025
T
heo
rem



Local = Restriction
T
heo
rem Restriction categories

Lanfranchi
Lemay

2025
Local categories



Local = Restriction
T
heo
rem Restriction categories

Lanfranchi
Lemay

2025
Local categories



Local = Restriction
T
heo
rem Restriction categories

Lanfranchi
Lemay

2025
Local categories



Local = Restriction
T
heo
rem Restriction categories

Lanfranchi
Lemay

2025
Local categories



Local = Restriction
T
heo
rem Restriction categories

Lanfranchi
Lemay

2025
Local categories



Local = Restriction
T
heo
rem Restriction categories

Lanfranchi
Lemay

2025
Local categories



Local = Restriction
Restriction categories

Lanfranchi
Lemay

2025
Local categories

T
heo
rem



Local = Restriction
Restriction categories

Lanfranchi
Lemay

2025
Local categories

T
heo
rem



Local = Restriction
Restriction categories

Lanfranchi
Lemay

2025
Local categories

T
heo
rem



Partial Categories
Operational partiality

C
ha

pte
r 3



Partial categories
I
dea In a local category we can define

two operations:

RESTRICTION:



Partial categories
I
dea In a local category we can define

two operations:

RESTRICTION: CONTRACTION:



Partial categories
D

efin
itio
n A partial structure on a category

consists of a partial order on the
objects, and two operators:



Partial categories
D

efin
itio
n A partial structure on a category

consists of a partial order on the
objects, and two operators:

RESTRICTION:



Partial categories
D

efin
itio
n A partial structure on a category

consists of a partial order on the
objects, and two operators:

RESTRICTION: CONTRACTION:



Partial categories
D

efin
itio
n A partial structure on a category

consists of a partial order on the
objects, and two operators:

RESTRICTION: CONTRACTION:



Partial categories
D

efin
itio
n A partial structure on a category

consists of a partial order on the
objects, and two operators:

RESTRICTION: CONTRACTION:



Partial categories
E
xa
mp
les Every local category:



Partial categories
E
xa
mp
les Every local category:



Partial categories
E
xa
mp
les Every local category:



Partial categories
E
xa
mp
les Every local category: The category of SETS:



Partial categories
E
xa
mp
les Every local category: The category of SETS:



Partial categories
E
xa
mp
les Every local category: The category of SETS:



Inclusion Systems
Partiality via inclusions

C
ha

pte
r 4



Inclusion systems
I
dea In a partial category we can

define a family of monics:



Inclusion systems
I
dea In a partial category we can

define a family of monics:
Stable under pullbacks:



Inclusion systems
D

efin
itio
n An inclusion system on a

category consists of
a family of monics s.t.:



Inclusion systems
D

efin
itio
n An inclusion system on a

category consists of
a family of monics s.t.:



Inclusion systems
D

efin
itio
n An inclusion system on a

category consists of
a family of monics s.t.:



Inclusion systems
D

efin
itio
n An inclusion system on a

category consists of
a family of monics s.t.:



Inclusion systems
D

efin
itio
n An inclusion system on a

category consists of
a family of monics s.t.:



Inclusion systems
T
heo
rem Every partial category

admits an inclusion system:

Lanfranchi
Lemay

2025



Inclusion systems
T
heo
rem Every partial category

admits an inclusion system:
Every inclusion system defines
a partial structure where:

Lanfranchi
Lemay

2025



Inclusion systems
Every partial category
admits an inclusion system:

Every inclusion system defines
a partial structure where:

Lanfranchi
Lemay

2025
T
heo
rem



Inclusion systems
T
heo
rem Every partial category

admits an inclusion system:
Every inclusion system defines
a partial structure where:

Lanfranchi
Lemay

2025



Inclusion systems
T
heo
rem Every partial category

admits an inclusion system:
Every inclusion system defines
a partial structure where:

Lanfranchi
Lemay

2025



The Fundamental
Theorem of Partiality

C
ha

pte
r 5



T
heo

rem
The 2-equivalences

Restriction Categories
Partiality on morphisms

Local Categories
Partiality on objects

Partial Categories
Operational partiality

Inclusion Systems
Partiality via inclusions

Lanfranchi
Lemay

2025



L
em
ma

Local to inclusion
Every local category admits an
inclusion system:

Lanfranchi
Lemay

2025



D
efin

itio
n Boundedness

A partial category is bounded
when:



D
efin

itio
n Boundedness

A partial category is bounded
when:

An inclusion system is bounded
when:



T
heo

rem
The 2-equivalences

Restriction Categories
Partiality on morphisms

Local Categories
Partiality on objects

Bounded
Partial Categories

Operational partiality

Bounded
Inclusion Systems

Partiality via inclusions

Lanfranchi
Lemay

2025



ThanksT
he 

E
nd

.


