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Linearly distributive categories

Motivation: characterization of cartesian LDCs

Definition (Cockett, Seely [5])
A linearly distributive category, or LDC, (X, ®, T, @, L) consists of:
e acategory (X,;,14),
* atensor monoidal structure (X, ®, T, ag, U, uk),
* a par monoidal structure (X, ®, L, as, uff, uk), and
e |eft and right linear distributivity natural transformations
R (AeB)®C— A (B C)

St AR(BaC)— (A®B)oC

satisfying coherence conditons.
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Cartesian linearly distributive categories

Definition (Cockett, Seely [5])

A linearly distributive category (X, ®, T, ®, L) is cartesian if
® the tensor monoidal structure is cartesian (X, x, 1), and
e the par monoidal structure is cocartesian (X, +,0).
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Example (Cockett, Seely [5])

A category with finite biproducts is a compact cartesian linearly
distributive category.
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Cartesian linearly distributive categories

Definition (Cockett [3])

A category is distributive if it has finite products and coproducts such that
the canonical natural transformations

de,C: [ugvs X ‘Imu}w x15: (Ax C)+(BxC)— (A+B)xC
dhyo=ax 2l 1axul ] (AxB)+(AxC)— Ax (B+C)

pa={10,i):0=30xA XN =(in1):05Ax0
are isomorphisms.

Proposition (Cockett, Seely [5])

A cartesian linearly distributive category is a distributive category if and only if
it is a preorder.

v
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Cartesian linearly distributive categories

Definition
Given a distributive category X, define the exception monad by

( )+1X—>X 'r]A:-U/gJ /’LA:[1A+17'M/1-\,1]

Proposition (Cockett, Seely [5])

The Kleisli category X .1 of the exception monad is an isomix cartesian linearly
distributive category, with

e |nitial object and binary coproducts in X .1 are the same as in X,
e Terminal object in X 1 is the initial object 0 in X, and unique arrows

Lovlor: A0+ 1
® Binary products in X 11 are A& B = (A+ B) + (A x B), and projections

ﬁg,s = [[77Aa l; 'U’J\J]) 71'/(\),5; nA]: (A + B) + (A X B) —A+1
ﬁ,]\,E; = [[!A; J'L;,w 778]371—2\,8; nA]: (A =+ B) + (A X B) — B +1
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Cartesian linearly distributive categories

The left linearly distributivity in X', 4 is the map in X
Srpc: (A+(B+C)+(Ax(B+C)) = (A+B)+(Ax B))+C)+1

defined as the map induced by coproduct universal properties:
g L%\ AxB Liesc (A& B)+C
A—A+B—""— A&B —— (A&B)+ C — ((A&B) + C) +1

0 0
LN R S LN O S LLX: (A& B) + C 1242 (A& B) + C) + 1

C Lags,c (A&B)+C (A& B)+C ((A&B)+C)+1

Ax (B4 C) 2ree, (AxB)+(AxC)M>(Ax B) + 1

Tareaxet e (A&B) A&BC+1 ((A&B)+C)
e R
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Cartesian linearly distributive categories

Theorem

Every classical distributive restriction category (in the sense of Cockett and
Lemay [4]) is an isomix cartesian linearly distributive category.

Example (Cockett, Lemay [4])

® PAR, the category of sets and partial functions

* k-CALGZ, the opposite category of commutative k-algebras and the
non-unital k-algebra morphisms

o TOPSP®" the category of topological spaces and partial continuous
maps defined on clopen sets

o STONES®P®" the category of Stone spaces and partial continuous
functions defined on clopen sets = opposite category of Boolean
algebras and maps which preserve meets, joins and the bottom
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Fox's theorem

Definition
Consider a symmetric monoidal category, or SMC, (X, @, I, a, p, 7).

® A cocommutative comonoid is a triple (A, A4, t,) of an object Ain X
equipped with two morphisms, the diagonal and the counit

NA,:A—AQA L:A— 1|

such that
Ay (1A @ AA) = Ay (AA @ 1A); Qpp A

Ay (1A %) tA) = Pa Ay yan = A,

e A comonoid morphism f: (A, A, t) — (B, Ag, ts) is @ morphism
f:A— Bin X such that

fiAg =0, (fOF) fit, =1,
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Fox's theorem

Let C(X') denote the category of cocommutative comonoids and
comonoid morphisms.

Proposition (Fox [8])

Given cocommutative comonoids (A, A, t,) and (B, A, t5), then
(A@ B, A5, taos) defined by

@
Ba28ay (A A) o (B B) 2425 (Ao B) o (Ao B)

AA®B—A®B
ts = A0 B 222 101 5 |

is a cocommutative comonoid and C(X) is a cartesian category with this
monoidal product.

S50 (A@B)@(C@D) Ao (Be(Co D))

S Ao((BoC)oD) =
o(CoB)oD) = Ao (Co(BoD) = (Ao

C)2(Bo D)
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Fox's theorem

Lemma (Fox [8])

Given a symmetric strong monoidal functor F: X — Y and a commutative
comonoid (A, A4, t) in X, the triple (F(A), Arw, ) defined by

m=
Dy = F(A) F49 Foac a)y 2224 F(a) o F(A)
—1
tw = F(A) 29 F(y Ty

is a cocommutative comonoid. As such, F canonically extends to a cartesian
functor C(F): C(X) — C(X).

Theorem (Fox [8])
The functor C(—): SMON — CART is right adjoint to the inclusion.
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Fox's theorem

Corollary (Fox [8])

A SMC X is cartesian if and only if it is isomorphic to its category of
cocommutative comonoids C(X).

Corollary (Heunen, Vicary [10])
A SMC X is cartesian if and only if there are natural transformations

L: A= N:A=-SADA
such that (A, A, t,) is cocommutative comonoid and

tA@B: (tA®tB);P71 =1,
AA@B = (AA @ AB); SEA,B,B A = p,.
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Motivation

Is there a Fox-like theorem for cartesian LDCs?

By Fox’'s theorem and its dual statement:

Proposition

A SLDC X is cartesian if and only if there are natural transformations

A,A—-ARA L:A—=>T V,:AdA—= A S, L—A

such that, VA, B € X,
° (A A, L) determines o ®-cocommutative comonoid,
® (A, V,,s,) determines a &-commutative monoid, and
—1
AA@B = (AA ® AB); S,?,A,B,B bios = (tA ® tB); UgT
Vags = S?,B‘A,B; (VA @ VB) Saps = Ugf; (SA (S5 SB)

R
Ar=uf t=1, V.=uf s =1,
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Motivation

Given a cartesian linearly distributive category X, there is a map
VA@B . (A@B)@(A@B) —)A@B

Vags

A®

(A B)® (A® B)

1agB

(A LYyeBal)a(LvA) e (LaB) Ae L)® (Ba 1)

((1A@SA>®(1B@SBDlea((s/xeau)@(sww» l(1A@sA)®(1B@sB)
(Ao A)® (BaeB)d(AcA) @ (Ba B)‘g/—>(A@A)®(B@ B)——=A®B
(ABA)R(BSB) Va®Vg

= Vs (A2 B)® (AR B) 4 (As A) 2 (B B) 22¥8 Ag B

Similarly for Sugs, bes and Ay
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Duoidal categories

We need a symmetric linearly distributive category X with arrows
(A By (C® D) — (A C)® (B D)

1l —-1®L TeT =T 1l —T

Answer: duoidal categories

Definition (Aguiar, Mahajan [1])

A duoidal category (X, ¢, 1,%,J,) is category X with two monoidal
structures (X, *,J) and (X, ¢, l) equipped with morphisms

JAVIRY Sy pry pycJod —dJ vil—=J
and an interchange natural transformation

gA,B,C,D : (A*B)O(C* D) — (AOC)*(BO D)

satisfying some coherence conditions.
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Duoidal categories

Example (Aguiar, Mahajan [1])

Consider a category X with finite products and coproducts, then
(X,+,0,x,1) is a duoidal category with structure maps

DNy = ligeo: 0—->0x0 W=l 1+1 -1 t=lh=1i;:0—1

Cagenp = [J-Lg,c X -ug,m Ml,c X -’-‘:3,0]: (A X B) + (C X D) — (A + C) X (B + D)

v

Definition (Aguiar, Mahajan [1])
A bicommutative duoidal bimonoid in X is a quintuple (A, u,n, A, ¢) where
® (A, u,n)is a commutative o-monoid, and
® (A A €) is a cocommutative x-comonoid, such that
(Ao D) Cuanai (1*p) = A ne=1
e = (eo€);py Ay (mxmn)=mn4A

A morphism of duoidal bimonoids is a morphism of the underlying
monoids and comonoids.
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Medial linearly distributive categories

Definition

A medial linearly distributive category, or MLDC, (X, ®, T, &, 1) consists of:
® acategory (X,;,14),
® atensor monoidal structure (X, ®, T).
® a par monoidal structure (X, &, 1),

nullary medial, nullary comedial and mix morphismes,

T eT =T A:l—->1®L m: 1L —T

a medial natural transformation,

tasco: (ARB)®(C®D)— (Ae C)®(Ba® D)

left and right linear distributivity natural transformations

. (AeB)®C—A®(B®C) o, A2 (BoC)— (AzB)aC

satisfying the coherence conditions on the next slide.
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Medial linearly distributive categories

Definition
* (X,®,T,®,1)is alinearly distributive category,
e (X,®,l,®,T)is aduoidal category, and
e the medial maps interact coherently with the linear distributivities:

(A2 B)® (Co D)o X 2% (Ao C)o (Bo D)@ X -2+ (A® C) @ (B® D)@ X)

(A®B)@((C@D)@X)F%;(AeaB)@(C@(D@X))T>(A@C)®(B@(D®X))
and
(1@ p);iag™ (6" @1) =65 (ag ™ @ 1) p
(Fet)as™(1ep) =u(ae ®1)67
(1@ ag; (pe1)=pu(1®ag) st
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Examples of medial linearly distributive categories

Example
@ Symmetric monoidal categories (X, 0, 1,0, 1)
Vi=p t=X"Y10l=1 A=p=\:1—=10l m=1,:1-1
fasco=Sisco' (A©B)@(C2 D)~ (Ao C) @ (B D)
o e =ausc: (AOB)©C—A® (B2 C)
® Cartesian linearly distributive category (X, x,1,+,0)
V=l 14+1 =21 Ny = ligyo: 0—>0x0 m=y=i:0—-1

Has.c.0 = [-wg,c X -’-Lg,m-ul,c X '1L1B,D] = <7T/(5\),B + 7T(c),m 77/1\,5 + ﬂ-;,D>:

(Ax B)+(Cx D)= (A+ C) @ (B+ D)
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Examples of medial linearly distributive categories

Definition (Yau [11])

A symmetric monoidal category (X, @, /) is distributive if
e X has finite coproducts, and
e the following canonical natural transformations

dtye=[12022 1,01 (A0B)+(C2D) - Ao (B+ C)

A =igs: 0500 A

are isomorphisms.

Theorem

Given a distributive symmetric monoidal category (X, @, I) with a zero object
0, then (X, Y,0,+,0) is an isomix symmetric medial LDC where

- Y—=(—-4+-)+(—0-): X xX =X

known as the “either-or-both” product.
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Examples of medial linearly distributive categories

© Distributive symmetric monoidal category with a zero object
@ Distributive restriction category with zero object
* Classical distributive restriction categories, e.g. PAR, k-CALGZ, TOPZpen

and STONES®®"
Warning! these are not cartesian LDCs as Y is not the categorical product

® TOP,, the category of topological spaces and partial continuous maps
— non-classical distributive restriction category (Cockett, Lemay [4])

@ Symmetric monoidal closed categories X with finite coproducts and a
zero object (Elgueta [7])
® Mod(R), the category of R-modules and module homomorphisms

® Q-Rel, the category of sets and Q-relations

@ Symmetric 2-Rig (in the sense of Baez, Moeller, Trimble [2])
® FinRepk(G), the category of representations of a group G on

finite-dimensional vector spaces
® FinVect,(X), the category of finite-dimensional vector bundles over a

topological space X

Warning! Normal duoidal categories do not provide examples of medial
linearly distributive categories.
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Medial bimonoids

Let X be a symmetric medial linearly distributive category.

Definition
e A bicommutative medial bimonoid in X is a bicommutative duoidal
bimonoid in (X, &, L,®, T), i.e. a quintuple (A, A, t,, V4, S4) Cconsisting
of an object A and four morphisms

N A—-ARA L:A—=T V,:ADA—- A S, L—A

satisfying coherence conditions.

® A medial bimonoid morphism in X is a morphism of duoidal bimonoids
in(X,®, L,®,T).

v

Proposition

(T, ugT, 1+,Ve,m)yand (L, A, m, ugﬂ 1.) are bicommutative medial
bimonoids.
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Medial bimonoids

Proposition

Given two bicommutative medial bimonoids (A, A4, t, Va, Sa) and

(B, Ag, t5, Vi, Sg) in X, then (A® B, A ugs, tigs, Vass, Sags) defined by
AA®B = (AA ® AB)) S/?A,B,B tA®B == (tA ® tB) U®T
VA®B = Ha,B,A,B: (VA ® VB) Sage = Ay (SA & SB) ;

and (A® B, Augs, biss, Vass, Saes) defined by

AAEBB = (AA S AB)? Ha aB,8 tAeB (tA S2) tB)' Vs
VAEBB = S,?,B,A,B; (VA 5>} VB) Spes = - (SA © SB) s

are bicommutative medial bimonoids.
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Linearly distributive category of medial bimonoids

Definition
Define B(X) to be the category of bicommutative medial bimonoids and
bimonoid morphisms in X.

Lemma
B(X) is a linearly distributive category.

By our earlier characterization of cartesian LDCs:

Theorem
B(X) is a cartesian linearly distributive category. J
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Linear functors and transformations

Let X and Y be LDCs.
Definition (Cockett, Seely [6])

A linear functor F = (Fg, F3): X — Y consists of:
e a monoidal functor (Fg, m+,mg): (X,®, T) — (Y,®, T), equipped
mr: T = Fe(T) Mg, Fe(A)® Fg(B) = Fo(A® B)
e a comonoidal functor (Fg,n.,ng): (X,®, L) — (Y, ®, L), equipped
n,: Fe(l)— L1 Noas: Fo(A® B) — Fg(A) @ Fg(B)
e four natural transformations, known as linear strengths,
vng Fs(A® B) — Fg(A)® Fg(B) vgw; Fs(A® B) — Fg(A)® Fg(B)

VQA,B: Fe(A)® Fe(B) = Fo(A®B) V5, ,: Fo(A)® Fe(B) — Fo(A® B)

subject to various coherence conditions.
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Linear functors and transformations

Definition (Cockett, Seely [6])

Let F,G: X — Y be linear functors between LDCs. A linear transformation
a = (ag,ag): F = G consists of:

® a monoidal transformation ag: (Fg, m:, mf) = (Gg, m$, mg) and

® a comonoidal transformation ag: (Gg, NS, ng) = (Fe,n’, ng),
which commute coherently with the linear strengths of F and G.

Proposition (Cockett, Seely [6])

Linearly distributive categories, linear functors, and linear transformations
form a 2-category, which is denoted by LDC.
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Cartesian linear functors and transformations

Definition (Cockett, Seely [6])

If X and Y are symmetric LDCs, then a linear functor F = (Fg, Fg) is
symmetric if Fg is a symmetric monoidal functor, Fg is a symmetric
comonoidal functors, and

L _ R .
V®A)B - F@(’Y@A,B)’ V®B’Av VGBF@(B),F@(A)

Lo LR
Voas = T0rgm.rg0) Yos a0 Fo(vee.)

Definition
Alinear functor F = (Fg, Fg): X — Y is strong if Fg is a strong monoidal
functor and Fg is a strong comonoidal functor.

Corollary

Cartesian linearly distributive categories, strong symmetric linear functors and
linear transformations form a 2-category, denoted CLDC.

v
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Duoidal functors and transformations
Let X and Y be duoidal categories.

Definition (Aguiar, Mahajan [1])
A bilax duoidal functor (F,p,, ps,q,,qx): X — Yisafunctor F: X — Y
equipped with

pi: I — F(I) Posg: F(A)o F(B) — F(Ao B)

q;: F(J) = J  Quns: F(AxB) = F(A)x F(B)
such that
° (F,p,ps): (X,0,1) = (¥,0,])is a monoidal functor,
° (F,q,q:): (X,x,J) — (Y, J) is a comonoidal functor,
satisfying coherence conditions.

Proposition (Aguiar, Mahajan [1])

A bilax duoidal functor preserves bimonoids and morphisms between
bimonoids.
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Duoidal functors and transformations

Definition (Aguiar, Mahajan [1])

A bilax duoidal transformation « : (F,pl,p5,q7,q%) = (G, p%, ps,q% qf) is a
natural transformation «: F — G such that

e «: (F,pf,p5) = (G, p% pg) is a monoidal transformation and

e a:(F,q,q0) = (G, q% q.) is a comonoidal transformation.

Proposition (Aguiar, Mahajan [1])

There is a 2-category of duoidal categories, bilax duoidal functors and bilax
duoidal transformations, denoted by Duoid.
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Medial linear functors and transformations
Definition

Let X and Y be symmetric medial LDCs. A strong symmetric medial linear
functor F = (Fg, Fg): X — Y consists of:

e afunctor Fg: X — Y, equipped with

mTT:-)F@)(T) m®ABF®(A)®F®(B):->F®(A®B)

mLZJ_—>F®(J_) m@ABF®(A)@F®(B)—>F®(AEBB)
e afunctor Fg: X — Y, equipped with

nLZF@(J_)l)J_ n@A’BZF@(A@B)%F@(A)@F@(B)

nT:F@(T)%T n®A’B:F@(A@B)%F@(A)@F@(B)
e linear strength natural transformations

VS, Fo(A®B) = Fo(A)@Fg(B) V8, ,: Fo(A)@ Fe(B) = Fo(A® B)

satisfying the coherence conditions on the next slide.

o
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Medial linear functors and transformations

Definition
e F = (Fg, Fg) is a symmetric strong linear functor,
* (Fy,m,,mg, m;', my")is a bilax duoidal functor,
° (Fg, nj,ne‘;,nﬂ ng) is a bilax duoidal functor,

e the linear strengths interact coherently with mg, and ng, with the
nullary/conullary maps and with the medial transformation, e.g.

Fe ()

Fe((A® B)® (C® D)) Fe((Ae C)® (Ba D))
Fo(A® B) & Fg(C ® D) Fs(Ae C)® Fg(Be D)
n®€Bmé1 Vg@l/g

(Fa(A) ® F3(B)) @ (Fe(C) © Fy(D))) —= (Fa(A) © F5(C)) @ (Fe(B) © Fe (D))

v
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Medial linear functors and transformations

Definition
Let F,G: X — Y be strong symmetric medial linear functors.

A medial linear transformation a = (ag, ag): F = Gis a linear
transformation such that

® ag: (Fg,m,my) = (Gg, m$, mg)is a monoidal transformation, and
® ag: (Gg,n:% ng®) = (Fe,n:", ng") is a comonoidal transformations.

v

Proposition

Symmetric medial linearly distributive categories, strong symmetric medial
linear functors, and medial linear transformations form a 2-category, which is
denoted by MLDCs..
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Medial linear functors and transformations

Proposition
Inclusion CLDC — MLDC;s is a 2-functor.

Proof.

Let F = (Fx, F1+): X — Y be a strong symmetric linear functor between cartesian
LDGs.

® Functor F, canonically becomes a monoidal functor
(Fx, po, p+): (X,4,0) — (Y, +,0) with
Po = ir, 0: 0 — Fx(0)

Pias = [Fx(10e), Fx(ag)l: Fx(A) + Fx(B) = Fx(A+ B)
Similarly, (F4+, a1, 9x): (X, x,1) = (Y, x,1) is a comonoidal functor.
® Functors Fyx and F; are then canonically bilax duoidal functors

(F><7p07p+7m1_17m;1)7 (F+7n0_17n4:17q17q><): (X,+707X71) - (y7+707><71)

® F=(F«,F;): X— Yisastrong symmetric medial linear functor.
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Medial linear functors and transformations

Lemma

Consider a strong symmetric medial linear functor F = (Fg, Fg): X — Y and
a bicommutative medial bimonoid (A, A4, t,, V4, Sa), then
(Fo(A), Ary s try s Vg s Srg ) defined by

—1

Dr o = Fu(A) 289 E (A A) 2924 F(A) @ Fou(A)

©(A)

m—1

Felt T
by = Fa(A) 2% Fo(m) I T

Ve = Fo(A) @ Fo(A) 44 Fo(Ae A) 28, Fo(a)

Sr (A):L—L>F®(L)—>F®(A)

®
and (Fg(A), Ar s ey s Vg s Srgpa)) defined similarly are bicommutative
medial bimonoids.

As such, F = (Fg, Fg) canonically extends to a strong symmetric linear
functor B(F) = (B(Fg), B(Fg)): B(X) — B(Y).
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Linearly distributive Fox theorem

Theorem
B(—): MLDCs — CLDC /s right adjoint to the inclusion 2-functor.

Corollary

A symmetric medial linearly distributive category is cartesian if and only if it is
isomorphic to its category of bicommutative medial bimonoids.
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Linearly distributive category of medial bimonoids

Proposition
Consider a distributive symmetric monoidal categories (X, @, I) with
biproducts, then B(X') = CSGp,, ().

Example
@ B(Vect) is isomorphic to the category of cocommutative
©-cosemigroups of Vect, where ¢ is the standard tensor product of
vector spaces

@® B(Rel) is isomorphic to the category of cocommutative
©-cosemigroups of Rel, where ¢ is the cartesian product of sets
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