
The Para construction as a
Wreath product.
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"You are now about to witness the strength of Street knowledge"
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The goal of this talk is to unify those three constructions

into Ctx : [Contextads]-> DoubleCate
- or-

Cokliesli : [DependentlyGraded - Doubleaa
- or-

Para : (fibred colaxy - DoubleCath
actions

The Ctx-construction will be the wreath product
of pseudomonads in Span(Cat),

!
So also in Span (14) for other 2-cats,Iincluding Algoax (T), giving us colarly T-structure double cuts
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Composing Pseudo-monads - Distributive Law?
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Contextads

Def : A paradise (IK,
D) consists of a 2-cat In (think Cat)

equipped with a class ID of "display maps",
st

① D contains all isomorphisms and is stable under strict pullback.

② It has arrow objects At and dom :At-A is in D

Def : Given a paradise IK
,
define the 2-categories

aspan(k)(A .. An :=[
And teategories
Span() :=3 - /v= id]

,
ESpan

=(k) : = G ../ a fibrationa



Contextada

Def : A Category internalto 1K ("Double category")
is a pseudo-monad inSpan(k)

Def : A Contextad is a pseudo-monad inSpanI(k)
A=A= A An-e +A c&A

-

Il # Il Il -e Il
AA Ax- e-A

T ①

So
,
CtX should take pseudo-monads in fSpanE((k)

to pseudo-monas inSpan (1k) ...

... by "distributing overp"

the Double category of Squares in A.



The Ctx-Construction as a Wreath Product

Lemma (M.

- Capucci) :

dSpan
*(A , B) =Kl(_B*&Span(A , B)

(
S

Theorem (Street; M .
- Capucci) :

-Span
*(A

, B) = Alg (At- ,
&Span

*(A
, B)
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Lemma (M.

- Capucci) :

OSpan
*(A, B) =Kl(B*&Span(A, B)

Theorem (Street; M .
- Capucci) :

ESpan
*(A

, B) =Alg(At- ,
&Span

*(A
, B)

Putting ther together :

fSpan
*(A

,B) = Alg(A-,
Kl(-BYOSpan(k))

That is : fSpan
=(> Kh(dSpm)

Where KL is the free-cocompletion under

Elieli objects of pseudomonas,

following Zack-
Street and using American

Miranda's thesis.



The Ctx-Construction as a Wreath Product

Thm : i : -Span> Kh(dSpan)
Def : The Ctx construction is

wreath

kL(fSpanE(k)S KL(KL(dSpam(k())PKL(iSpan((k)

This sends
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Structure on the Ctx construction

o 2-algebraic structure (e
. g. Symmetric monoical) is governed by 2-monads

Let Alg,(i) be the 2-cat of (strict algebrace and colax maps

TACTAr

ataa
Def : It T: /K -If be a 2-monad. A colaxly T-structured

double category is a pseudomonal inSpan (14)

P.
DoDo

where D Do and D
.

are T-algebras
②S and are slict T-morphisms

③ All other structure is colax for
T
.

E
. g.

For T= SMC
,

this gives lay-monoidal double cuts.



Structure on the Ctx construction

Thm (M.

- Capooci) : If ACT&@A is a contexted in IK

StD A and C are T-algebras
②It is a St T-algebra fibration (and normal as a fibration)

③ 0
,
0, 1 are all colox T-morphisms,

and all structure isos are

T-2-cells.

Than Ctx(d is a coloxly T-structured double category.
Lena: If (IK

,
D) is a paradise and T: /k- 1k a 2-mound,

then (Alg,CT), Estrict display normal fibrations3) is also

a paradise.

Proof of thm : Run the Ctx-construction in Alga(T), then
check the target is strict !



Structure on the Ctx construction

Thm (M.

- Capooci) : If ACT&@A is a contexted in IK

StD A and C are T-algebras
②It is a St T-algebra fibration (and normal as a fibration)

③ 0
,
0, 1 are all colox T-morphisms,

and all structure isos are

T-2-cells.

Than Ctx(d is a coloxly T-structured double category.
Corollaries :

① If A and I have some limits and it preserves them,
then Ctx(O) has them lawly
If 0

,
0

,
# preserve them it has them dbl theoretically

② A colax monoidal commoned has a monoidal Klieli double cut.

③ A duoidal action of a duoida cut on a monoidal cut

has a lay monoidal Para-double cat.

- in particular, an SMC acting on itself his SMC Para
⑨ Spar(A) is a cartesian double cat

.
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Paper on artir soon


