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Cartesian and cocartesian categories

Definition
Consider a symmetric monoidal category, or SMC, X.

e X is cartesian if its monoidal structure is given by the binary
categorical product and the terminal object, and

e X cocartesian if its monoidal structure is given by the binary
categorical coproduct and the initial object.
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Comonoids

Definition
Consider a symmetric monoidal category, or SMC, (X, @, I, a, p, 7).

® A cocommutative comonoid is a triple (A, A,, t,) of an object Ain X
equipped with two morphisms, the diagonal A, : A— A® A and the
counit t, : A— Isuch that

Ay (1A @ AA) = Ay (AA @ 1A)? Qpan
Ay (1A @ tA) = Pa AA;'YA,A =A,
e A comonoid morphism f : (A, A, t) — (B, Ag, ts) is @ morphism
f: A— Bin X such that

fiAg=A,(fOF) fitg=1t,
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Fox's theorem

Let C(X') denote the category of cocommutative comonoids and
comonoid morphisms.

Proposition (Fox [7])

Given cocommutative comonoids (A, A, t,) and (B, Ag, t5), then
(A@ B, A5, taos) defined by

@
Ba28ay (A A) o (B B) 2425 (Ao B) o (Ao B)

AA®B—A®B
ts = A0 B 222 101 5 |

is a cocommutative comonoid and C(X) is a cartesian category with this
monoidal product.

S50 (A@B)@(C@D) Ao (Be(Co D))

S Ao((BoC)oD) =
o(CoB)oD) = Ao (Co(BoD) = (Ao

C)2(Bo D)
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Fox's theorem

Lemma (Fox [7])

Given a symmetric strong monoidal functor F: X — Y and a commutative
comonoid (A, A4, b)) in X, the triple (F(A), Arw, ) defined by

—1

FOD Fag A 2245 F(A) o FA)

AF(A) = F(A)
—1
tw = F(A) 29 F(y Ty

is a cocommutative comonoid. As such, F canonically extends to a cartesian
functor C(F): C(X) — C(X).

Theorem (Fox [7])
The functor C(—): SMON — CART is right adjoint to the inclusion.
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Fox's theorem

Corollary (Fox [7])

A SMC X is cartesian if and only if it is isomorphic to its category of
cocommutative comonoids C(X).

Corollary (Heunen, Vicary [10])
A SMC X is cartesian if and only if there are natural transformations

L: A= N:A=-SADA
such that (A, A, t,) is cocommutative comonoid and

tA@B: (tA®tB);P71 =1,
AA@B = (AA @ AB); SEA,B,B A = p,.
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Linearly distributive categories

Definition (Cockett, Seely [5])
A linearly distributive category, or LDC, (X, ®, T, @, L) consists of:
® acategory (X,;,14),
* atensor monoidal structure (X, ®, T, ag, U, uk),
* a par monoidal structure (X, ®, L, ag, uff, uk), and
e left and right linear distributivity natural transformations
R (A®B)®C— Aa (B C)

St AR(B@C)— (A®B)oC

satisfying coherence conditons.
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Symmetric and cartesian linearly distributive categories

Definition (Cockett, Seely [5])
A linearly distributive category (X, ®, T, &, L) is symmetric if
* (X,®, T)is a symmetric monoidal category with ®-braiding vg,

* (X,®, 1) is asymmetric monoidal category with &-braiding ~va,
such that

R . .sL .
6A,B,C = ’Y®A®B,C' (1 c® ’Y@A,B)' 5C,B,A' (7@0,5 @ 1A)v 7@5@0,,4

A linearly distributive category (X, ®, T, ®, L) is cartesian if
e the tensor monoidal structure is cartesian (X, x, 1), and
e the par monoidal structure is cocartesian (X, +,0).

Example (Cockett, Seely [5])

A category with finite biproducts is a compact cartesian linearly
distributive category.
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Cartesian linearly distributive categories with negation

Definition (Cockett, Seely [5])

A linearly distributive category has negation if there are object functions
L(-) and (-)*, together with the following parametrized family of maps

LTAA—> 1 AA-—s 1 T osAlegA T AptA

satisfying coherence conditions.

Proposition (Joyal's Paradox, Girard [9])

A cartesian linearly distributive category has negation and only if it is a poset.
@ Hom(0 x A, B) = Hom(0, B+ A-) = 0 x Als initial
@ /f Hom(A,0) +# 0, then consider f: A— 0and any g: A— B. Now,
g=(1af);mhe;gand why =12%% Ax 0 — B. So, Hom(A, B) = {{14,f); 12°}
© Hom(A, B) = Hom(1 x A, B) = Hom(1, B + A*) = Hom((B + A+)*,0)
If Hom(A, B) # 0, then (B + AY)™* initial, and Hom(A, B) contains one element.

v
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Distributive cartesian linearly distributive categories

Definition (Cockett [2])

A distributive category is a category with finite products and coproducts
such that the canonical natural transformations

deﬂc: [ugﬂs X 107M1,5 x1c]: (AxC)+(BxC)— (A+B)xC

pa={1o,ia):0>0xA

are isomorphisms.

Proposition (Cockett, Seely [5])

A distributive category is a cartesian linearly distributive category if and only if
it is a preorder.

v
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Exception monad cartesian linearly distributive categories

Definition
Given a distributive category X, define the exception monad by

( )+1X—>X 'r]A:-U/gJ /’LA:[1A+17'M/1-\,1]

Proposition (Cockett, Seely [5])

The Kleisli category X .1 of the exception monad is an isomix cartesian linearly
distributive category, with products, coproducts and zero object defined by

e |nitial object and binary coproducts in X .1 are the same as in X,
e Terminal object in X .1 is the initial object 0 in X, with unique arrows

Lovlor: A0+ 1
® Binary products in X 1 are AY B = (A+ B) + (A x B), with projections

ﬁg,s = [[77Aa l; 'U’J\J]) 71'/(\),5; nA]: (A + B) + (A X B) —A+1
ﬁ,]\,E; = [[!A; J'L;,w 778]371—2\,8; nA]: (A =+ B) + (A X B) — B +1
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Cartesian Linearly Distributive Categories

The left linearly distributivity in X', 4 is the map in X
Srpc: (A+(B+C)+(Ax(B+C)) = (A+B)+(Ax B))+C)+1
defined as the map induced by coproduct universal properties:

0
A+B,AxB AYB,C

ALhe, p g g Mhance pyp Mheo angy L 0 MU0 (A B) 4 C) 41

A+B,AxB AYB,C

B e, gy g thee, py g Mheo, agy 4 0 MU (A B) L C) 4

C 2250 (A B) 4+ C M (A B) + C) + 1

Ax (B+C) 225, (Ax B) + (Ax C) 22 (4 B) 11

Thigaxst 11 Tave,ct 11
—— S (AyB)+1 —— ((AYB)+C)+
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Distributive restriction categories

Definition (Cockett, Lemay [4])

e A restriction category is a category with a morphism functor ( ),
known as the restriction operator, satisfying 4 axioms.

ff=f fg=gf gi=gf fg=rgf

e Amorphism f: A— Bin a restriction category is total if f = 1,.
e Arestriction category is cartesian if it has a restriction terminal object
15 and binary restriction product A xg B

e there exists a unique total map t,: A — 1gsuch that f; ts = f; ta,

* there are total maps pls: Axgr B — Aand p}z: A xg B — Aand there
exist a unique maps (f, g)s such that (f,g)r; p3s = g; f and
(f,9)riphs=1ig

e Arestriction category is cocartesian if it has finite coproducts and all
injection maps are total.

e A distributive restriction category is a cartesian and cocartesian
restriction category such that the restriction products distribute over
the coproducts.

Rose Kudzman-Blais Intro to medial linearly distributive categories October 8, 2024 13/38



Join restriction categories

Definition (Cockett, Lemay [4])
Consider a restriction category with zero maps such that 0 = 0.

e Letf,g: A— Bbe parallel maps, then

f<g < fg=f fovg << fg=gf
flg < f,g=0
e The join of a finite family pair-wise compatible maps f;: A— Bis a
map V;fi: A— Bsuch that
fi<vifi and iffi<g=Vii<g

® A join restriction category is a restriction category with all joins of finite
families of pairwise compatible maps and they are stable under
pre-composition.
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Classical restriction categories

Definition (Cockett, Lemay [4])

Consider a restriction category with zero maps such that 0 = 0.

e Let f < g: A— B, then the relative complement of f in g is a map
f\g: A— Bsuch that

g\f Lf and g\fvf=g

® A classical restriction category is a join restriction category such that all
relative complements exists.
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Classical distributive restriction categories

Proposition

Every classical distributive restriction category has classical products, i.e.
binary products of the form A&B = (A+ B) + (A xr B), with projections

WS,B =[[14 OA,BLPAQ,B] 77/1\,3 = [[04, 15], pl,s]

Remark
f&g=(n0,:f,mli9) #(f+9)+(fxpg)forf: A=~ Band g: A — B

Lemma (Cockett, Lemay [4])

® Given a distributive restriction category X, the subcategory of total maps
T[X] is a distributive category.

® Given a distributive category X, the Kleisli category X 4 of its exception
monad is a classical distributive restriction category.
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Classical distributive restriction categories

Proposition (Cockett, Lemay [4])

Given a classical distributive restriction category X, then we have a restriction
isomorphism X = T[X] 1.

Theorem
Every classical distributive restriction category is an isomix cartesian LDC.

Example (Cockett, Lemay [4])

® PAR, the category of sets and partial functions

* k-CALGZ, the opposite category of commutative k-algebras and the
non-unital k-algebra morphisms

o TOPSP®" the category of topological spaces and partial continuous
maps defined on clopen sets

o STONES®P®" the category of Stone spaces and partial continuous
functions defined on clopen sets = opposite category of Boolean
algebras and maps which preserve meets, joins and the bottom.
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Motivation

Is there a Fox-like theorem for cartesian LDCs?

By Fox’'s theorem and its dual statement:

Proposition

A SLDC X is cartesian if and only if there are natural transformations

A,A—-ARA L:A—=>T V,:AdA—= A S, L—A

such that, VA, B € X,
° (A A, L) determines o ®-cocommutative comonoid,
® (A, V,,s,) determines a &-commutative monoid, and
—1
AA@B = (AA ® AB); S,?,A,B,B bios = (tA ® tB); UgT
Vags = 3?}3,43? (VA @ VB) Saps = Ugf; (SA (S5 SB)

R
Ar=uf t=1, V.=uf s =1,
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Motivation

Given a cartesian linearly distributive category X, there is a map
VA®B . (A®B)@(A®B) —)A@B

Vags

A®

(A B)® (A® B)

1agB

(AeL)eBol)e(LeAe(LeB) (ApL)®(Bo 1)
((1A€BSA)®(1BEBSB))l@((SAGBM)@(SB@M)) l(1A@5A)®(1B®SB)

(AcA) e (BoB)e((AcA) @ (BOB)) —— (ADA) @ (BOB) o —=A®B

(ABA)R(BEHB)

= Vs (A2 B) @ (A2 B) 5%% (Aq A) o (B B) V22V8 Ag B

Similarly for Sugs, bes and Aygs
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Duoidal categories

We need a symmetric linearly distributive category X with arrows
(A By (C® D) — (A C)® (B D)

1l—-1®L THT—>T

Answer: duoidal categories

Definition (Aguiar, Mahajan [1])

A duoidal category (X, ¢, 1,%,J,) is category X with two monoidal
structures (X, *,J) and (X, ¢, l) equipped with morphisms

JAVIRY Sy pry pycJod —dJ vil—=J
and an interchange natural transformation

gA,B,C,D : (A*B)O(C* D) — (AOC)*(BO D)

satisfying some coherence conditions.
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Duoidal categories

Definition
A duoidal category (X, ¢, I,x,J) is symmetric if
e (X,0,1)is a symmetric monoidal category with ¢-braiding ~,,
® (X,x,J)is a symmetric monoidal category with @-braiding .,
satisfying coherence conditions.

Example (Aguiar, Mahajan [1])

Consider a monoidal category (X, @, /) with finite coproducts, then
(X,4,0,0, /) is a duoidal category with structure maps

Dy =ippe:0—>000 w=[,1]:1+1=1 t=1:0—=1

and interchange natural transformation

Cason = [19: @ 20 5y 1y . @ 23,]: (A2 B)+(C@ D) — (A+ C) @ (B + D)
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Duoidal bimonoids

Definition (Aguiar, Mahajan [1])

A bicommutative duoidal bimonoid in X is a quintuple (A, u,n, A, e) where
e (A, u,n) is a commutative --monoid, and
e (A A ¢) is a cocommutative x--comonoid

such that

AcA s ALy AxA = AcA 228 (AxA)o(AxA) L4424 (AsA)x(AcA) 22 AxA

AcAL AS U=AcAZS Jod 24y
I AL AxA=T25 14 12 AL A
I HZAS =15J

A morphism of duoidal bimonoids is a morphism of the underlying
monoids and comonoids.
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Medial linearly distributive categories

Definition

A medial linearly distributive category, or MLDC, (X, ®, T, &, 1) consists of:
® acategory (X,;,14),
® atensor monoidal structure (X, ®, T).
® a par monoidal structure (X, &, 1),

nullary medial, nullary comedial and mix morphismes,

T eT =T A:l—->1®L m: 1L —T

a medial natural transformation,

tasco: (ARB)®(C®D)— (Ae C)®(Ba® D)

left and right linear distributivity natural transformations

. (AeB)®C—A®(B®C) o, A2 (BoC)— (AzB)aC

satisfying the coherence conditions on the next slide.
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Medial linearly distributive categories

Definition
° (X,®, T,®,L)isalinearly distributive category,
e (X,®,1l,®,T)is aduoidal category, and
e the medial maps interact coherently with the linear distributivities:

(A= B)o (CoD) e X"~ (Ao C) (Bo D) © X —*~ (Ae C) @ (B D) © X)

JRJ/ i1®6ﬁ

(A©B)& ((Ce D)@ X) == (A2 B)® (Co (D& X)) —>(A® C)® (B3 (Do X))

and 3 other variations.

Definition
AMLDC (X,®, T, ®, L) is symmetric if
° (X,®,T,&,L)isasymmetric LDC and
e (X,®, l,®,T)is asymmetric duoidal category.
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Examples of medial linearly distributive categories

Example
@ Symmetric monoidal categories (X, 0, 1,0, 1)
Vi=p t=X"Y10l=1 A=p=\:1—=10l m=1,:1-1
fasco=Sisco' (A©B)@(C2 D)~ (Ao C) @ (B D)
o e =ausc: (AOB)©C—A® (B2 C)
® Cartesian linearly distributive category (X, x,1,+,0)
V=l 14+1 =21 Ny = ligyo: 0—>0x0 m=y=i:0—-1

Has.c.0 = [-wg,c X -’-Lg,m-ul,c X '1L1B,D] = <7T/(5\),B + 7T(c),m 77/1\,5 + ﬂ-;,D>:

(Ax B)+(Cx D)= (A+ C) @ (B+ D)
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Normal duoidal categories

Definition (Garner, Franco [8])
A duoidal category (X, ¢, I, x,J) isnormal if .. | — Jis invertible.

Proposition (Spivak, Srinivasan [12])

A normal duoidal category (X, o, I, x,J) determines an isomix linearly
distributive category (X, o, I, ,J), with

0L, =Ac(BxC) = (AxJ)o (Bx C) 222% (Ao B)x (Jo C)
= (AoB)x (1o C) = (AoB)xC

Warning! Normal duoidal categories do not provide examples of medial
linearly distributive categories.
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Normal duoidal categories

Consider an isomix medial LDC (X, ®, T, ®, L), there are maps
b, A (BoC)—» (AeB)®C off i (A®B)@C— Az (B® C)
Are these inverses of the linearly distributivities 57 and 6-?

Proposition (Cockett, Lack [3])

In any restriction category, every monomorphism (so in particular every
isomorphism) is total.

Consider linear distributivities in PAR

Shsci (A+(B+C)+(Ax(B+C))— (A+B)+(AxB))+C
a— a b—b c—cC
(a,b) — (a,b) (a,c) =1

= 6k, . is not a total map!
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Distributive symmetric monoidal categories

Definition (Yau [11])
A symmetric monoidal category (X, @, /) is distributive if

e X has finite coproducts, and
e the following canonical natural transformations

dtye=[1a022, 1,01 (A0B)+(C2D)— Ao (B+ C)

Al =ies: 0500 A

Lemma (Folklore)
Given a distributive symmetric monoidal category (X, @, ), the functor, known
as the “either-or-both” product,

- Y-—=(—-4+-)+(—0-): XxX =X

defines a symmetric monoidal category (X, Y, 0).

28/38
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Examples of medial linearly distributive categories

Theorem

Given a distributive symmetric monoidal category (X, @, I) with a zero object
0, then (X, Y,0,+,0) is an isomix symmetric medial linearly distributive
category.

05sci (A+(B+C))+(Ax(B+C))— (A+B)+(AoB)+C

is determined uniquely by the following maps and the universal properties of
coproducts:

L5 5 LS5 408 Livg e
A—A+B——SAYB—5(AYB)+C

-LLI\,B 'ngJrB,A@B -U’gvs,c
B—A+B———AYB—=5(AYB)+C

1
Lavsc

C A% (AY B)+ C

0

1 R 1
AD(B+C) 22U, ac gy gy YO%e, ppg A8, Ay g TAEC, (AvBY 4O

V.
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Examples of medial linearly distributive categories

Example
© Distributive restriction category with zero object
= Restriction product x and restriction terminal object 1 determine a
distributive symmetric monoidal category (X, x,1).
e Classical distributive restriction categories, e.g. PAR, k-CALGZ, TOPSPe"
and STONE

Warning! these are not cartesian LDCs as Y is not the categorical product
& of classical distributive restriction categories

* TOP,, the category of topological spaces and partial continuous maps
— distributive restriction category, which is not classical
(Cockett, Lemay [4])
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Examples of medial linearly distributive categories

Example

® Symmetric monoidal closed categories X" with finite coproducts and a
zero object (Elgueta [6])

= Closure ensures the monoidal product distributes over the
coproducts

Hom((A + B) © C, D) = Hom(A + B,[C, D]) = Hom(A, [C, D]) x Hom(B, [C, D])
>~ Hom(A® C, D) x Hom(B® C, D) = Hom((A@ C) + (B® C), D)
Then, Yoneda Lemma implies (A+ B)o C= (Ao C)+ (Bo C).
® Mod(R), the category of R-modules and module homomorphisms
— @ is usual tensor product of R-modules and + is the direct sum
® QQ-Rel, the category of sets and Q-relations

— @ is the cartesian product and + is the disjoint union

= in both Mod(R) and Q-Rel, the coproduct is a biproduct
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Medial bimonoids

Let X be a symmetric medial linearly distributive category.

Definition
e A bicommutative medial bimonoid in X is a bicommutative duoidal
bimonoid in (X, &, L,®, T), i.e. a quintuple (A, A, t,, V4, S4) Cconsisting
of an object A and four morphisms

N A—-ARA L:A—=T V,:ADA—- A S, L—A

satisfying coherence conditions.

® A medial bimonoid morphism in X is a morphism of duoidal bimonoids
in(X,®, L,®,T).

v

Proposition

(T, ugT, 1+,Ve,m)yand (L, A, m, ugﬂ 1.) are bicommutative medial
bimonoids.
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Medial bimonoids

Proposition
Given two bicommutative medial bimonoids (A, A4, t, Va, Sa) and
(B, Ag, t5, Vi, Sg) in X, then (A® B, A ugs, tigs, Vass, Sags) defined by

Dpgs = (Ba® D5); 87455 taos = (1 @ 15); U®T
VA®B = Ha,B,A,B: (VA ® VB) Sage = Ay (SA & SB) ;
and (A® B, Augs, biss, Vass, Saes) defined by

AAEBB = (AA S AB)? Ha aB,8 tA@ (tA ® ts); V+
VAEBB = S,?,B,A,B; (VA 5>} VB) Spes = U - (SA © SB) s

are bicommutative medial bimonoids.
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Linearly distributive category of medial bimonoids

Definition
Define B(X) to be the category of bicommutative medial bimonoids and
bimonoid morphisms in X.

Lemma
B(X) is a linearly distributive category.

By our earlier characterization of cartesian LDCs:

Theorem
B(X) is a cartesian linearly distributive category. J
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Linearly distributive category of medial bimonoids

Proposition (Aguiar, Mahajan [1])

Let (X,+,0,%,J) be a cocartesian duoidal category, then the category of
duoidal bimonoids of X is isomorphic to the category of x-comonoids in X.

Proposition

Consider a symmetric cocartesian medial LDC (X, ®, T, +,0), then B(X) is
isomorphic to the cartesian LDC of cocommutative ®@-comonoids Cg(X).

Proposition (Folklore)

Given a distributive symmetric monoidal category (X, @, 1) with biproducts,
the category of cocommutative Y-comonoids C+ (X) is isomorphic to the
category of cocommutative @-cosemigroups CSGp,, (X).

Corollary

Consider a distributive symmetric monoidal categories (X, @, I) with
biproducts, then B(X') = CSGp,, ().
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Linearly distributive Fox theorem

e Given a symmetric strong medial linear functor F: X = Y, F
canonically extends to a cartesian linear functor B(F): B(X) — B(Y).

e Given a medial linear transformation a: F = G, « canonically extends
to a cartesian linear transformation B(«): B(F) = B(G).

Therefore, we get:

Theorem
B(—): MLDCs — CLDC is right adjoint to the inclusion 2-functor.

Corollary

A symmetric medial linearly distributive category is cartesian if and only if it is
isomorphic to its category of bicommutative medial bimonoids.
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