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(I §

(he Key daleawas: U0 UM =Ug , = Up uP®
uMed Med

/

%“:4 Boolean dlgebras ate exampies

Bool Ugool Set  of beth poc-sets & wmedian

ub) Poc U dlqebras. SurpfiSin%\ci .

Poc

A Simultaneous poc-set % median algebra is a Boslean alggbra
iff the +we structures are surtably compatible.

The Two-Element Boolean Algebra

Da','a: (2381.1—1-.,:#’“’1)

) A set 2::{_]_,1'3 Covrl'aim'ng_ "False" & "Troe"
(i) A ol;s+;n3uislnec( element €:i%1—AR
(tit) Aw unafy cpefation 1A —>R called neqation

(LV) A biﬂal‘j rélation S <cdxqd Called implica{-:ov\,

(V) A temary opefation MR’ 4o median™
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Axioms : (Awe vse —* fathes than = in the paper)
(I) (a,e.l.,—‘, %) IS & POC"se',' ‘i.e.’

L’ (&,%) IS a partial ocder

. ""(&}#)—9(&)%) 1S an awtiteve involution

Ly VPeéE L=>p bottom element

L )VIP el P = P imp\ies P=.L von -cowvitraoliction

() (M) is a Wedian algebra ie., Vivyx,q,2ed
S mix,x,q)=%  majocity cule

- mlx,wymly,w,z)) =mlm(x,w,4) w2 associativity

Note: m s uniquel'} detetmined \mj Majorﬁ-’ e £
Scjmme-l-r.;. M i$ associative becavse
mi-,L,-)= A & wm(-,T,-)=v
Ioadical AND leqical OR

(1) (2,8,71,=) and (Z,m) ae compatible

L-) —toyw =W ° —_3 ne%a'l'io& iS wmedian pcesecvmj_
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pﬂm&. De Mgr%gn‘s Laws
Tm(p,1,q)= "(p/\z) = Tpyoe=mize, T ,79)

TP, Tyg)= T lpvg) = TP AT TmMIop, Ly
Ly = is a median Suhalaebm of (@.a,m‘!)s(ﬂa} M‘Boo\)
te., XK 42y ZDZ' imples M(x,y,21>wm(x, 42

poof : As a relation, o—e
I
= =‘-‘{(.L,.L), (Lt rm¥e =2 o—e

Given thiee elements of &xd : xe eZ g

o
q=m(1,Y4,?)

Lets +aKke another loo¥ at +hese axioms Using

morphisms (father than elements) 4o express oufselves.

+he oliaejovlq\

V4

£A,id >

majosiry tule (2,m)

L—g"
m(x,%,4)= A?ﬁ
d
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2
le} o:d — la be the coordinate swafpinj function

o xid % o~
st £3 3 i?;

Scsmme‘\'fj (Q,V’l) &: %
J

mi%g,2)=mly, %, 2) =m(x,2,9)

dehAnid?  ifxond  die

L—L——L—L

Associativity (2,m) — J, lm

m(x,wym(gw,2))=m wmlrwy)w, 2) & " >

Th. e ptmgh line : (Poc ) X 3 3.'3 ,0') 1S o Scjmme-l-ric.
wowoidal Ca‘l-ejouj. In par'l'icuhr, these oliastams afe

mternal fo Poc !

Lemwa : 3 Subca}erﬁes Me Med ) P = Poc

Mv\o‘eclcdmcj a paif of votwmal lwmit gSketehes i’ VM

=ML, Bm) M=(p Lp Dp)  ss.
Mods, ()% Poc £ Modsey(l)* Medl
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. K25
proct Sketch:  Ob(IP)=32 $en
Mof (IP) 1S 3emera+eo! under Composition b.’ the pmjec-kons

5
U %TT,;‘QK—_)J §:=1 & the 8 worphisms used in
K=\

o‘iajfmms above.
ILp is the set of discrete diagfams with &,3,4 and S
Copies of L. Normam-, of M determines 2“:.

Thew wodels preserve products, projections awd

Commo-l'a'l'ivi‘l'cj of the o‘iasfams above.

Cons+roc+in3 I requices more effoct becauvse while Meo(

1S & Vaﬁe*j ; Poe 1S not evew a quasi-vm;e'}y.

Lets revisit the median aljebm 3= (é)mal%).

1 Caer
As a graph, we way deaw = as o— o'

LU Oy

.t
s sovrce & target maps 5_11_ \CAtr ’2.,.3 __s__)’ 2
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are obtained b'j pos’l--c:ampos:n I. - t
L \\

the projections T, M RT—> R \ [~} M l.
s 4 !,
with the inclusion. = <—>XL", ..l_.

Claim: = is a Fafl-ial ocder (thete is a standacd approach)

1) => is a subobgect of 22

g
IFI— 3R 1S a pu\lbacK M Meol
idg J, l“'t’ because <5,t> is injective.
P2
3 Sit> X

1) (2 =) is reflexive
l/-I'Ine re-Flex:vM-.j wmap

;B_f_’ 3-—t-—*2 This is an equali%ef n Meo(
S
T o1 top=idg =ser
| e
Le

'\>l [ N Recall: The equal.‘ zer of a 3fap|n
is its Set of vectex loops.

3) (82,=‘»>) 1S aw-l'iscammel'ric
P
L " ) >3 v the nclusion of the cowverse &=

pJ, 1(ﬁ.s> <t’g>,°P=A =<S,t>bp
1S o pvmoocK Squace in Med.
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H) (Z,=>) 15 +ransitive

S
LH_l 3 T- S Se[ =te§
- ¢ 7‘\)0 7"\»
| i~
?b"—s—4 X (\ll||>. 1./
iS a pullback square, & L the Hransitivity map
SoM=seT, teM=teS M
?‘_\). {SeT teS>
= 4T d
© |
o—>° M\A %s,-t»
3

5) ﬁ(l.,%)—*(&,é) is antitone
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7) (Q., 31_,_‘, =$) Satigties Ytow-Con+faaliC+ion
Ypoed , p=>-p impies p=1
Can be expresseo( as a Pomoack.

e

1 L Q- Co I I. -l . .]—é-'.l_
-
eA"\]' j/‘(ul’—‘) s&nue.&sa!d:g_ 1 s the

Uvique element wplying its
<§t% own negation.

This Su‘i‘)es-}s the definition of d?z(M’u‘M’zM\'

A Commuttative olias{am of Faithful functors as above

o e ° Y " ‘\
IS a wnice genefal 33"""‘"3 n which Bic makes sense.
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Definition: ¥ € Bie (MxP,B) = Set(Uy, g M*Ug,, P ; UgeB)
e
1) V€ UpegM IV PURB st Up, o = P02,

a) 'VPG upocP BAVP:M—»MMCJB S.t. uMM"I’P =A',(—', e)

note: ¥E:M—M ,3=P‘—¥'P, h:B —B' Y ¢Bic(MxP, B)
'z Ug, h® Vo (Upedf *Up, g)€Bic(M'xP', @)
Mx P _:_P_)B Thereface, I Fuwetocs
txgq 1‘ Y lk Bie(MxP,~):Boo|— Set

\
MxP —AP—‘> B Bic(—x- JB)‘Meal°P% Poc®® —> Set
VYMeMed, PePoc,BeBool T viatural 1Sowocphisms

() Bic(MxP,-)1% Bool (MOP, =)  MBP:=F,__ (MxP) /n
(x) Bic(Mx-,B) ¥ Poc (~,B™) M2 Med (M, uMedB)
(m) Bic (-xP,B)% Med(-BP) B2 Poc(P,utep)

The data of (T) extends to a functot  ® MedxPoc— Bool

The unversal groperty of (T) implies wnatvrality of

Bic(MxP,B) £Boel (MOP, B) in all theee vasiables.
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! extensions (=)™ :Bool — Poc ,(-)P=Bool—* Med s.t.

(m@=) 4 Y wd C-@P)AE)®
by Yoneda's lemmon. Therefore, by the parameter theorem,

3 o (-)
J! extengions (-)‘ )=Meal P“Bool—ﬂ’oc, -) =Poc°P><Boo] = Med

st. there is a two-variable adjunction

Med(M,B" )= Bool(M®P, B) = Roc (P, BM)

t.e., both isomorphisms ase watural in all three variables.

Tn parkicular, N BEBool I a contravatiant (ri5h+) adjuction

B(.) Recall, we claim
of ¥ > P 8™ 2 Mad(m,umedg)
B B 2 felru™eg)

Thus,  Med (M Poc (P 8)) % Poc (P, Med(M,uM®dg))

COVWefSe\j , Bool = The Cateqory of Contravatiant adjunctions

reshricted Yengola
mbeaUEV\3

Med”™ = Poc.

Idea: Consider Bool as MOJMQA (2) of Mnolpoc(u"l )

Both wedian algebfa Objec-l-s v Poc & poc-set obyects
in Meo( are Boolean algebras.
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We say (F4G,7,€) is Gbal o (L4R7€) if AMmx) st.

G - both anti-
AT "B ) KG =1°H equivaiences

,:
. J," Kl~ (i) HF =R*K
= - (H,K) is o
® a o - \ ,
) °P (iti) K7 =€k morphism of

of > of
G:. <« ;:OP D (iy) HE =4Z‘H adjunctons
-

(i) Says the Square of riah-l- adiio:vd-s commutes.

(1) Says the squate of left adjoints commutes.
(iit) the unit of FAG dualizes +o0 the counit of L4R @ +he dual.
(iv) +he coumit of FAG Jualizes +o the coonit of 1°F4 Rop @ +we dual

IV.7 Rbposﬁ'ion 1 Mac Lane: (L) & (4¢) mply (Li1) 6 (av),

Examples: Tn our exawples, the morprisms/clualities ase given by
(Hom(-,) , Hom(- &),

Ug
FinDlat 7 FinMed \ W,y
e, A '\\
A Fred
FinBool " FinSe‘l-
floc <

N G //
e Finpoc_(_-'-___a Finfoset /M

U~
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Fe4Ue 35 oual 4o Fed Ug

E&ﬂ_ * Finite Boolean alaebfas af€ powefs of R
. ultraFilters in finite Boolean alaebras are pfincipal

- J ﬂepcesew}s +he cowtcavaciant ultcafitter Functor Bool-—) Set
% the representation Sevdls principal ultrafilters to projections

Thefefofe BOOl (&ﬂ’& ) = i‘rrl ) "9 ™.

Note: U, is full, So Dlat(Ued™ UR) =T U T 4.y Ue T3,
Claim: The unit 4ZD: D"'—_)MchD 1S given bcj +up|'mj
all elements of Dlat(D,uU ).

FCQEF_: Bj aa(-jMVIC‘]'iov\, Pre-covnposii-;on wrth "ZD gives a
bijection between a set of projections and Diat (D, U.R).

Bool (E D,2) —=—>U,Dlat(D,u.2)
M /(’"lo\*
U Dlat (U ED,U.R)

n

u\( %uc’n" ) ...,M¢1Tn§

3
thus ("ZD) (;)= 4’5 , Of equ:vale\rl'lcj "ZD"‘<"P,, \Sicw. O
This proves the Stone fepresentation theorew for distiilvtive lotices

Since waps D— U Separate elewments.
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We identify UsDlat(UcrD, UeR) with U Diat(D,UR) via (o)

Then bv] adjunction ("10) “ Dlat(D,u.2) induces

F¢ U ¢Dlat(D,UR) — Dlat(0,UR)
which 18 the coumit of F\< - “s @ the dual of D.

This proves (i), (it), and (iii).

h M@ iS dual +o F A
This a‘uali'h’ formalizes the claim thot u$ ”‘FOﬂae*S °“'j "P'Jm‘m‘“

Given (P, s)eToset , F_ (P, €) is computed by taking the
the o‘isjoin‘l’ union of (P, <) & (P, <°F) and ‘Ffee‘tj aal-joininj_
o top & bottom element. Negation is iolP=(ﬁ $)—>(p, <°f).

b ¢ B./,? \._‘ o disteibutive |attices have an
El( ‘\., )-‘- 5.’ ~v /N orientation, median algebras
& '}./'/‘. e de wet.
. {a,b'ci
{(t) |
I%c(F(‘\}‘)I) UPose-l*(‘\)‘ al)-U/vr(m/i\bc;)
NP
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In this example , (1] +ranslates to
Med ( M¢D,¢I) =T, Dlat (D, Q).

We prove this as follows: Fiest, nete Dlah(@,2)= Lidp3
Also observe Med(2,)= {.L,icla,ﬁ’-rg-_:se.]-(a,gz)

Lasty, we prove that every worphism i the image of
Meo!(utD Juti\ i5 obtained from ome in the image of
b‘] pos'l"Ccompos;n3 with an element of IV\eJ(JL,Gl).

(ii) oorces‘bno!s o Hhe biieo‘h'ov\ on Hom -sets associa-l-ec' Wit
the aol-juvw\-iov\ - (A® (up +o Hype -c.\neck.:v\a)

Dlact (. M, R) % U Med (M., Uy Q).

(iv) now Follows "'ocmn}: Consider the dual of the cowwt

(&x)*
Dlat(D, &) — Dled( UaD, )

we use the identification in (it) o rewrite the codomain as in

Dlact(D, 2) —> U, Med (4D, (1, Q)
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Closwm: Undler this ideatification (60)* = u$
mf—: let ®e€ Dlat( D,&)' then the overall composite is

Dlat(D, 2) —> Dlect gDy &)U Med (Ug 7, Up D, UpR)

W
%4’? Up®ely€o Ty g
-kiM’\e icle«\'il'c’ a
us:n3 (i) we can frewtite the codomain once wore as
Dl (D,R)— ', Dlat(D, ).

Since every element in the image is of the form (A¢¢ for some

$€Dlat(D,R) we conclude that this map the
Diat (D, @) - Component of +he umit+ .

of course, this proof of (iv) depends only on the wature
of Hhe identifications in () & (i) as m this example.
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F™ 4 0™ s dual 4o Fined # Umed
€)  Poc(u® 2" Q) ¥ Fued Bool(2,2)

This is true but not easq to prove. The idea iS fo Show

+hat e.vefj WofpPhism in Poc ( up“oﬂ“ ,.I) can be obtained

bj +he -‘-:ollowi\nj tecative pfocess: Leaiv\vﬁv\% wrih the
Set of ceordinate projections, +ake all possible triples

(‘F,gak) and form Hhe CompoSite m0<-F,3,k>

the wedian cpecation on &
then repeat with this new Set of Waps unkil new waps
are wo longer proeluceal. (This s the Waed po.rl-)
Then idewl-’r('j the free wedian algebra. on Bool (X7, X)

with the Smallest median Subalgebra of the free Boolean
algebfa on N-elemewnts Cawl'aiv\ivcj the genefaﬂ'o(s (we do

+his usiv\oj +he Stone representation of median algebtas, t.e.,
the fact that the unit of F™ e g med , which tuples all
maps in Med(Mm,2), is wmonic). Then Since +he

Qene(‘al-;nj set in e free Boolean algebfa Can be
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iolewtified with the coofdinate projec'}ions "

Set (2", Q),
we have a comwmutative o(iacafaw\
upoc. foc Uoe
Bool (X" ,&) — %c.(u“%’l“, U=2)— Set(a",&)

L
e

211; )..."ﬂ'u} — FMedg.'ﬂ'l 3-"1'“'0%‘—_) Fe,,oli""u--v'"'n}

& Since all funetions in the ouvtter ('ec+an31e afe
nqective, So is the one in the widdle.

(it] 1S +rue \oe, aol-iunchov\

Reol (FP“ P,&) = umedpoc ( P, \A"“Jn.

CJQ.LM. Dual aoljuv\c:l’ions wmpose ('l'his is &fmal)

Collag:  Fo 7 Ug, is setf-dual.
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