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Let X be a topological space and O(X) = {U C X : U is open}.
Let (O(X), C) be a category.

- A presheaf with values in Set is a functor F : O(X)°P — Set
- A presheaf F is a sheaf if for each open covering U = |J U}, of an
i€l
open set U of X, we have:
p

FU) —= TIFU) —= II FUu;nu)
i€l 9 (ijerxi

e(t)={t,, | iel}, p((te)rer) = (ti\u,mu) Jiperxi
q((te)rer) = (tj‘umj )Gijyeixi
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SHEAF OF CONTINUOUS FUNCTIONS

X and Y topological spaces.
" :={f: X = Y|f continuous}.
For each open subset U C X,
C"(U) := {f: U = Y|f continuous}.
If U C Vare open subsets of X,
c'(v) — C'(V)

f=fiu

If U= U Ui and f; : U — Y are continuous functions such that
f:,u y fjlu K Vi,j € | then there is a unique f: U — Y continuous
n ’ml

such thatfi =f,,Viel
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STRUCTURE SHEAF

We have that Spec(R) = {all prime ideals of R} is a topological space
under the Zariski topology.

If f € R, D(f) = {prime ideals not contaning f} forms a open basis.

We define a sheaf on the basis by Ospecr(D(f)) = R = R[f~'].S0

Ospeca(D(f)) — I_l;[,OSDECA(D(fi)) — (ij)l_e[I IOSDecA(D(fi)ﬂD(E))

Since D(f;) N D(f;) = D(f..f)),
RIFT — TIRIF'l == I RI(fif)]

i€l (i,))elxl
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STRUCTURE SHEAF

Let PZ(R) be the set of principal ideals of R.
Define Lg : PZ(R)°P — CRing by Lr(fR) = R[f~"]. Since

RIFF] — H/RD‘ e . H/ IR[(flf;) ']
ie i,j)elx

and fiR.fjR = fifjR, we have

Le(R) —— i LrRUAR) —= Tlijyeixi LRUIRSR)
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Let R be commutative ring with unity.
Let Z(R) = (Z(R), ) be a category.

- A presheaf with values in Set is a functor F : Z(R)°? — Set
- A presheaf F is a sheaf if for each coveringa = > a;, of an ideal

iel
a of R, we have:
p
Fl@) —— [1F(e) —= TI F(a.q)
i€l a (ij)elxI

e(t) =1t [ i€l Pl(teeer) = (G, , Jinex
q((te)rer) = (tj|a’._uj)(i,j)el></
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How to define sheaves on topological spaces and sheaves on
commutative rings with unity using a same general framework?

Use quantales!
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A quantale (Q,<,®,1) is a complete lattice (Q, <) with a monoid
(Q,®,1) such that

ao(\/b)=\(@ob)and (\/b)oa=\/(b®a)

el el el el
If © = A, then Qis a locale.

- (0(X), S, N, X);

- (Z(R), S, ., R);

* ([0,00], 2, +,0).
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A presheaf F: (Q,<,®,1)°P — Set is a sheaf if for each covering

b =/ bj, of an element b of Q, we have:
i€l

F(b) — [IF(b) —= TI F(bi®by)

i€l (iy)elx!
e(t) ={t, [ 1€l plteeer) = (G, ,, Jineixi
q((te)rer) = (tj‘b@b/ )(ijeixi
bi F(bi)

b; ® bj F(b,‘ ®© b]‘

-
o

b F(b))
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QUANTALES

Quantale with extra properties

1. commutative when (Q, ®, 1) is a commutative monoid;

2. idempotent whena® a=q, fora € Q,

3. semicartesian when a® b < a, b, for a,b € Q, or, equivalently,
1=T.

- Closed right (or left) ideals of a C*-algebra, where ® is the
closure of the product of ideals.



WARNINGS

Warning 1: Our Sh(Q) it not a topos!



WARNINGS

Warning 1: Our Sh(Q) it not a topos!

The complete lattice of the subobjects of the terminal sheaf
Homgq(—,1) is quantalic isomorphic to Q.



WARNINGS

Warning 1: Our Sh(Q) it not a topos!

The complete lattice of the subobjects of the terminal sheaf
Homgq(—,1) is quantalic isomorphic to Q.

The inclusion i : Sh(Q) — PSh(Q) has a left adjoint
a: PSh(Q) — Sh(Q) that we call sheafification.




WARNINGS

Warning 1: Our Sh(Q) it not a topos!

The complete lattice of the subobjects of the terminal sheaf
Homgq(—,1) is quantalic isomorphic to Q.

The inclusion i : Sh(Q) — PSh(Q) has a left adjoint
a: PSh(Q) — Sh(Q) that we call sheafification.

Warning 2: This sheafification preserves the monoidal structure in
PSh(Q) given by Day convolution, but it does not preserves all finite
limits!



CHANGE OF BASE

A geometric morphism isa map f: Q" — Q such that

1. f preserves arbitrary sups and 1;

2. fweakly preserves the multiplication, i.e.,
flr) ©fla) <flp©'q),vp,q € Q

A strong geometric morphism of quantales is a geometric morphism
of quantales where f preserves the multiplication.

1. The inclusion Idem(Q) — Q.

2. Every surjective homomorphism g : R — S of commutative and
unital rings induces a strong geometric morphism where

f:Z(R) — Z(S) given by f(J)) = g(J).
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CREATING SHEAVES

Iff: Q" — Qis ageometric morphism and F: Q°° — Set is a sheaf,
then Fof: Q" — Setis a sheaf.

Take u = \/ u; a cover in Q.
i€l

Then f(u) = f(\V u;) = V f(u;) is a cover in Q.

i€l i€l

Since f(u) ® f(v) < flu @' v)Vu,v € Q

Fof(u) —— [1Fof(ui) —— IIFof(ui® uj)

\” l

F(f(ui) © f(u)))



EXAMPLE

Let X be a topological space that admits partition of unity

subordinate to a cover, and C(X) the ring of real-valued continuous

functions on X. Define

7 Z(E(0) = OX) 0: O(X) — Z(C(X))
=

1= Ug™ (R~ (o) U ({F < f Ixev=0))

gel
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EXAMPLE

Let X be a topological space that admits partition of unity
subordinate to a cover, and C(X) the ring of real-valued continuous
functions on X. Define

7: Z(C(X)) — O(X) 0: O(X) — Z(C(X))
| Ulg_1(R —{0}) U= {f:fIx—u=0})
ge

The functor 7 is left adjoint to #, 7 is a strong geometric morphism
and @ if a geometric morphism. Moreover, the constant sheaf Ky on
O(X) induces a sheaf Ky o 7 on Z(C(X))



EXAMPLE

Since the following diagram commutes (up to natural isomorphism)

—o0
Sh(X) Sh(C(X))
Lang=—oT
Gx[ﬂi OC(X )l\{
—of
PSh(X) PSh(C(X)
Lang=—oT
m AC(X)
Set

So K; oT = Kg(X)

14
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MonNoIDAL CECH COHOMOLOGY

Fix Fin Shap(Q) and consider U = (U));¢; a cover in Q, where | is a set
of indices. The Cech cochain complex is

aw,f =[] FU,©..0U,),¥q >0,

i0,--5iq

and its coboundary morphisms d?9 : CI(U, F) — CI+(U, F) are

g+1
(da) = Z(—1)ka(5k)|
k=0 Uiy ©---OUjy)
where 6, is used to indicate that we are removing iy, and the
restriction is to guarantee that d% € C9+'(1, F). The monoidal Cech
cohomology group of U with coefficients in F is

Kerdd

vq o
AU, F) =



RELATING CECH COHOMOLOGY GROUPS

Theorem

Consider a strong geometric morphism f: Q" — Q. Then
HIU' ,F o f) = HI(F(U'), F).

Consider a covering {u}ie; =U" in Q". Then
CU Fofy= [ Foflu, o ..& ui.)

in<.. <fq

= [I fAu)e...of(u))

h<.. <(q

CI(ft’), F).



RELATING CECH COHOMOLOGY GROUPS

So the following diagram commutes

s UL Fof) T W Fof) & CU L Fof) — ...

| I s

L U, F) —— O, F) — CHU)F) —

Then HI(U', F o f) = HI(f(U'), F).
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MonNoIDAL CECH COHOMOLOGY

The Cech cohomology group of an element u € Q with coefficient in
a sheaf F is the directed (co)limit
H9(u,F):= lim HYU,F).

_>
ueCov(u)

f
Consider a strong geometric morphism Q —— Q" such thatf,

*

preserves unity and arbitrary joins. Then HI(1', F o f) = HI(1, F).



PROOF

We have

HI(V,Fof):=  lm HIU' Fof)
u eCov(r)
_ : w /
= lim  HOGW). P,
u'eCov(1)
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PROOF

We have
HI(V,Fof):=  lm HIU' Fof)
u eCov(r)
_ 2 r79 /
= lim  HOGW). P,

u'eCov(1)

Since that f(f.(U)) is a refinement of U, for every covering U of 1
there is a covering U’ of 1 such that f(i{’) CU. Then

HI(1, F) = lim HI(U, F)
ueCov(
~ ; r79 /
= lim (W), F)

19



APPLICATION

Since 7 : Z(C(X)) — O(X) is a strong geometric morphism and
0 : O(X) — Z(C(X)) is a geometric morphism, then

v

H9(C(X), Kex)) 2= HI(C(X), Ky 0 7) = HI(X, KY)

20



RELATING COHOMOLOGIES

- If X'is a smooth manifold of dimension n then there is an
isomorphism Hi,(X) = A9(X,R), for all g < n;

- The dimension of HY,(X) corresponds to the number of
connected components of X;

- Xis connected if and only if C(X) only had trivial idempotent
elements.

Conjecture: The Cech cohomology group in degree zero of a ring R
with coefficients in a constant sheaf is related to the number of
idempotent elements of R.
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In Sh(L), the subobject classifier is Q(u) = {q € L : g < u} such that
forallv<u

Q(u) = Q(v)
g —qov
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In Sh(L), the subobject classifier is Q(u) = {q € L : g < u} such that
forallv<u

Q(u) = Q(v)
g —gqov
Suppose V¢, qi = (Vg ai)~, for
each{gj:iel} CQ
g~ :=\/{p € ldem(Q) : p < qop}
Define
Q (u)={geQ:gou =q}
Q (u) = Q2 (v)
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MORE ABOUT Sh(Q)

In Sh(L), the subobject classifier is Q(u) = {q € L : g < u} such that

forallv<u
Q(u) = Q(v)
g —qov
Suppose V¢, qi = (Vg ai)~, for
each {g;:iel} CQ If Q is "good enough”
g~ :=\/{p € ldem(Q) : p < qop} g :=/A\{peQ:g<qop}
Define Define
Q (u)y={g€eQ:qou” =g} Qt(w):={geQ:qgtou=q}
Q7 (u) = Q2 (v) Qt(u) = Qt(v)

g —»qov- g —»qgtov

22
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is a not a topos;
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CONCLUSIONS

- We extended the theory of sheaves on locales, in a way that Sh(Q)
is a not a topos;

- We extended Cech cohomology, showing the potential of the theory
to relate algebraic and geometric properties;

- We have mentioned logical aspects of Sh(Q);

- We developed an extension of sheaves for Grothendieck
pretopologies that encompasses our sheaves on quantales.

23
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