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Categories in logic

‚ L is a signature, M is an L-structure ù Def pMq is the category of
definable sets and definable functions.

rφpxqsM

rψpyqsM

rµpx , yqsM

rx “ xsM

ry “ y sM

rφs
M

rψs
M

rµpx , yqsM

‚ Idea: this is the functorial image of some ”category of formulas” C.

‚ Two observations:
- Def pMq is closed under some limits/colimits (fin. products,
fin. unions,. . . ), so these should exist in C, and M should preserve
them.

- A natural transformation is a map preserving the formulas in C.

Mrφpxqs

Nrφpxqs

Mrx “ xs

Nrx “ xs

Mi

Ni

C = pos. ex. ù nat. tr. = homomorphisms
C = Lωω ù nat. tr. = elementary maps.
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Definition (coherent theory)

positive existential: atomic, J,^,K,_, D
Lgωω (coherent): @x⃗pφpx⃗q Ñ ψpx⃗qq, where φ,ψ are pos. ex. φpx⃗q ñ ψpy⃗q

Definition (coherent category)

C is coherent if it has finite limits, pb.-stable eff. epi-mono factorization,
pb.-stable finite unions
F : C Ñ D is coherent if it preserves fin. limits, effective epis, fin. unions.

coherent theories = coherent categories
interpretations/ models = coherent functors

homomorphisms = natural transformations

Theorem (Ď; [Makkai-Reyes,1977] )

T Ď Lgωω ù CT (”the category of positive existential formulas”) is a
coherent category, s.t. ModpT q » CohpCT ,Setq.
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The syntactic category CT
Objects:

rφpx⃗qs: pos. ex. formulas
up to (valid) renaming of free variables.

Arrows:
rµpx⃗ , y⃗qs : rφpx⃗qs Ñ rψpy⃗qs: T -provably functional
pos. ex. formulas, up to T -provable equivalence

x⃗ X y⃗ “ H

T $ µpx⃗ , y⃗q ñ φpx⃗q ^ ψpy⃗q

T $ φpx⃗q ñ Dy⃗µpx⃗ , y⃗q

T $ Dx⃗pµpx⃗ , y⃗q ^ µpx⃗ , y⃗ 1qq ñ y⃗ « y⃗ 1

identity: rφpx⃗q ^ x⃗ « x⃗ 1s : rφpx⃗qs Ñ rφpx⃗ 1qs

composition: rDy⃗pµpx⃗ , y⃗q ^ νpy⃗ , z⃗qqs : rφpx⃗qs
rµs
ÝÝÑ rψpy⃗qs

rνs
ÝÝÑ rχpz⃗qs
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images:

rφpxqs

rDx µpx , y 1qs

rψpyqs
rµpx , yqs

rµpx , y 1qs rDx µpx , y 1q ^ y 1 “ y s

SubCT prψpyqsq “ tχpyq : T $ χpyq ñ ψpyquä„T

CT is the ”gluing of the pos. ex. Lindenbaum-Tarski algebras”.

Theorem (Ě; [Makkai-Reyes,1977] )

Every small coherent category is the syntactic category of some
(many-sorted) coherent theory.

ù work in categorical language, with logical intuition
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The lattice LM

Definition

C is coherent. f : x Ñ y

SubC : Cop Ñ DLat Subpyq
f ˚

ÝÑ Subpxq

SC : C SubC
ÝÝÝÑ DLatop

Spec
ÝÝÝÑ Spec SpecpSubpxqq

pf ˚q´1

ÝÝÝÝÑ SpecpSubpyqq

Definition

Cop

LexpC,Setq

DLat
SubC

y –

LanySubC

CohpC,Setq
M ÞÑ LM “ LCM
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SubCpyqb“Mf paq SubCpxqa
f ˚

LM “ colimpx ,aqP p
ş

Mq
opSubCpxq

Categorically:

LM is the set tu ãÑ xauä„ where u ãÑ xa „ v ãÑ yb if
there’s χ ãÑ x ˆ y s.t. pa, bq P Mχ and χX u ˆ y “ χX x ˆ v .

Logically:
LM is the set of closed pos. ex. formulas with parameters from M
up to: φpa⃗q „ ψpb⃗q if there’s pos. ex. χpx⃗ , y⃗q, s.t.
M |ù χpa⃗, b⃗q and T $ χ^ φ ô χ^ ψ
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Mu

Mv

Mx

My

a

b

Mχ

Nu

Nv

Nx

Ny

Nχ

a P Mu, b P Mv ù u ãÑ xa „ v ãÑ yb (χ “ u ˆ y X x ˆ v)
a P Mu, b R Mv ù u ãÑ xa ȷ v ãÑ yb

a R Mu, b P Mv ù u ãÑ xa ȷ v ãÑ yb

a R Mu, b R Mv ù who knows?
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Definition ([Barr,1986])

C, F ,G : C Ñ Set lex. A natural transformation η : F ñ G is elementary
if for each mono u ãÑ x in C, the naturality square is a pullback.

Theorem (e.g. [Poizat-Yeshkeyev,2018])

C, M : C Ñ Set coherent. TFAE:

1 For any N : C Ñ Set coherent, every nat. tr. η : M ñ N is elem.

2 For any w ãÑ z mono and c P MzzMw there’s χ ãÑ z with c P Mχ
and w X χ “ H.

In this case M is said to be positively closed.

Proposition

M is positively closed iff LM “ 2

ñ: pa, bq P Mpx ˆ yqzMpu ˆ y Y x ˆ vq ù there’s χ.
ð: c P MzzMw ù w ãÑ zc ȷ 1 ãÑ 1˚ ù w ãÑ zc „ H ãÑ 1˚ ù

there’s χ.
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Examples

C “ K is a dist. lattice, M “ p : K Ñ 2 is a prime filter:

LKp “ Kä„p where u „p v iff there’s w P p with u X w “ v X w .

(Remark: Lp “ 2 iff p is maximal)

Σ “ ttX u;H;H;Hu T “ tDx : x “ xu Ď Σωω

models (M) are non-empty sets, homomorphisms are functions.
LM: finite lists of finitely supported partitions of M, where in each
list we only keep the finest partitions.

When M “ ta, b, cu:

K a b c

a b c

a b c

a b c

a b c

a b c

a b c

a b c

a b c

a b c

a b c

a b c

a b c

a b c
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Prime filteres on LM

LanySubC % DLatpSubCp´q, ‚q, i.e. for F : C Ñ Set lex and K dist. lat.:

DLatpLF ,K q – NatpF ,DLatpSubCp´q,K qq

SpecpLF q – NatpF , SCq

explicitly:

p Ď LF ù αp,x : F pxq Q a ÞÑ tu ãÑ x : ru ãÑ xas P pu P SCpxq

α : F ñ SC ù pα “ tru ãÑ xas : u P αxpaqu

Example

M : C Ñ Set coherent.
tpM : M ñ SC takes an element to its type: tpM,xpaq “ tu ãÑ x : a P Muu

Corollary

(M coherent.) t1u Ď LM is a prime filter.

Corollary

(M coherent.) M is positively closed iff tpM is the unique M ñ SC nat. tr.
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Krull-dimension

Idea:

M0 M1
. . .

Mn

SC
tpM0

tpM1

tpMn

ù t1u “ p0 Ď p1 Ď ¨ ¨ ¨ Ď pn

If all Mi ñ Mi`1 maps are prop. surjections (on underlying sets, not
pointwise) ù no triangles commute (no maps are elementary) ù

M0 ñ Mi ñ SC are different ù p0 Ř p1 Ř ¨ ¨ ¨ Ř pn.

Proposition

If there’s an n-step chain of proper surjections out of M, then
dimpLMq ě n.

Remark

If for each x P C: dimpSubCpxqq ď n then dimpLMq ď n.
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Functoriality

LanySubC : LexpC,Setq Ñ DLat preserves all
§ colimits (it’s a left adjoint),
§ strong monos (can write them as a filtered colimit of strong monos
between representables, those are coming from effective epis in C,
pullback along them is injective),

§ if C has disjoint unions: finite products (finite products form a sound
doctrine in the sense of [Adámek-Borceux-Lack-Rosický,2002]).
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Boolean-valued models

Theorem ([Lurie,2018])

(C has disjoint coproducts.) F : C Ñ Set regular.

It can be factored as C MF
ÝÝÑ ShpF p2qq

Γ
ÝÑ Set, where MF is coherent, F p2q

is a Boolean-alg. with the coherent top., Γ is global sections.
Conversely, if M : C Ñ ShpBq is coherent then ΓM is regular.
There’s an equivalence: RegpC,Setq » C Ó ShpBAlgq.

Theorem

C has disjoint coproducts, F : C Ñ Set regular.
B Ď LF is the Boolean-algebra of complemented subobjects.

B – F p2q

Ó: LF Ñ pIdpBq,Ďq (taking x to tb : b ď xu) is a homomorphism.

So there’s a ”retraction”: Ó: B ãÑ LF
Ó
ÝÑ IdpBq
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