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Categorical theory of central extensions

A surjective group homomorphism

A Bf

is called:

a trivial extension if f̂ is an isomorphism.

rA,As rB,Bs

A B

�

f̂

f

a central extension if Kerpf q � CentrpAq.

CentrpAq

Kerpf q A B
f
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Categorical theory of central extensions

[Janelidze-Kelly, 1994]:

C (Barr-)exact category
X Birkho� subcategory of C (replete full re�ective subcategory

closed under subobjects and quotients)

C X C X

X C

I

H

%

Example
C � Grp, X � Ab

I � ab : GrpÑ Ab, B ÞÑ B{rB,Bs
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Categorical theory of central extensions

B P ObjpC q:

C X ExtC pBq ExtX pIBq

I

H

%

IB

HB

%

B �HIpBq HpX q HpX q

B HIpBq

HBpf q Hpf q

ηB

X is called admissible if HB is fully faithful for all B P ObjpC q.
This is always the case if C is a Mal'tsev category: a �nitely com-
plete category where any internal re�exive relation is an equivalence
relation.
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Categorical theory of central extensions

ExtC pBq ExtX pIBq

IB

HB

%

An extension f P ExtC pBq is called:

trivial if it lies in the essential image of HB .

A HIpAq

B HIpBq

f

ηA

HIpf q

ηB

central if there exists an extension g such that q1 is trivial.

E �B A A

E B

q2

q1 f

g
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Categorical theory of central extensions

TrivC pBq � CentrC pBq � ExtC pBq

Classi�cation of central extensions in terms of internal actions
of the Galois pregroupoid
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Internal higher categories in the abelian context

C �nitely complete category
Internal category (groupoid) in C :

C1 �C0
C1 C1 C0

m

c

d

i

e

A abelian category
GrpdpA q � CatpA q � RGpA q � ArrpA q

C1 C0

d

c
e ÞÑ Kerpdq C1 C0

ckerpdq

kerpdq d

c

A` B B
π2

rf ,1B s

ι2 ÞÑ A Bf
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Internal higher categories in the abelian context

Grpd2pA q � GrpdpGrpdpA qq � Arr2pA q � ArrpArrpA qq

C 1
1 C 1

0

C 0
1 C 0

0

d1 c1

d1

c1

c0

e1

d0e1

c0

d0

e0

e0

A1
1 A1

0

A0
1 A0

0

a1

a1 a0

a0

2-GrpdpA q � 2-ArrpA q

C 0
1 � C 0

0 A0
1 � 0
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Internal higher categories in the abelian context

ArrnpA q n-ArrpA q

n � 2
 

 

 

0 

n � 3

 

 

 

 

 

0 0

0 

0 

T (S)

� �

� �

Arr2pA q � A T

2-ArrpA q � F , ObjpF q :� tF P A T | F pT q � 0 @T R Su
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Internal higher categories in the abelian context

ArrnpA q n-ArrpA q
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2-ArrpA q � F , ObjpF q :� tF P A T | F pT q � 0 @T R Su
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Internal higher categories in the abelian context

A abelian category
T �nite category
S replete full subcategory of T

A T functor category
F full subcategory of A T with

ObjpF q :� tF P A T | F pT q � 0 @T R Su

Proposition (E.)

F is an admissible Birkho� subcategory of A T.
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Internal higher categories in the abelian context

Proof
Let F P A T. For T P T,

rT s :� tt : T̃ Ñ T | T̃ R Su

Let τ : T Ñ T 1 in T. Set

À
tPrT s F pdptqq F pT q CokprF ptqstq �: IpF qpT q

À
t1PrT 1s F pdpt

1qq F pT 1q CokprF pt 1qst1q �: IpF qpT 1q

φ

rFptqstPrTs

Fpτq

cokprFptqstq�:pηF qT

IpFqpτq

rFpt1qst1PrT 1s cokprFpt1qst1 q�:pηF qT 1

rF ptqstPrT sιt̂ � F pt̂q for t̂ P rT s

φιt̂ � ιτ t̂ for t̂ P rT s

This yields the re�ector I : A T Ñ F with unit η.
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Internal higher categories in the abelian context

F is closed under quotients: Let α : F ñ G be a regular
epimorphism with F P F . Let T R S. Then

0 � F pT q G pT q
αT

Thus, G pT q � 0.

F is admissible: ✓
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Internal higher categories in the abelian context

Example: I : Arr2pA q Ñ 2-ArrpA q

A1
1 A1

0

A1
1 A1

0

A0
1 A0

0

0 Cokpa0q

a1

a1 a0

a1

cokpa0qa0

a0 cokpa0q
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Internal higher categories in the abelian context

Proposition (E.)

Let α : F ñ G be an extension in A T. TFAE:

1 α is trivial wrt to F .

2 αT and pηF qT are jointly monic for all T P T.
For T R S, this means that αT is an isomorphism.

Proof
Using [Janelidze-Kelly, 1994]
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Internal higher categories in the abelian context

Proposition (E.)

Let α : F ñ G be an extension in A T. TFAE:

1 α is central wrt to F .

2 αT is an isomorphism for all T R S.

Proof
[Everaert-Gran, 2010]:
C semi-abelian, X Birkho� subcategory, I : C Ñ X protoadditive
(preserves split short exact sequences)
ñ f central wrt X i� Kerpf q P X
Here:
Kerpαq P F i� KerpαT q � 0 for all T R S
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Internal higher categories in the abelian context

Example: Central extensions in Arr2pA q wrt to 2-ArrpA q

A1
1 A1

0

B1
1 B1

0

A0
1 A0

0

B0
1 B0

0

f 1
1

f 1
0

f 0
1

�
a0

f 0
0
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Internal higher categories in the abelian context

A T

F full subcategory of A T with
ObjpF q :� tF P A T | F pT q � 0 @T R Su

T full subcategory of A T with
ObjpT q :� tF P A T | rF ptqstPrT s epimorphism @T P Tu

Proposition (E.)

pT ,F q is a torsion theory in A T.
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Internal higher categories in the abelian context

Proof
Let F P A T. Construct

0 TpF q F IpF q 0
εF ηF

Let τ : T Ñ T 1 in T. Consider

À
tPrT s F pdptqq F pT q IpF qpT q

KerppηF qT q �: TpF qpT q

À
t1PrT 1s F pdpt

1qq F pT 1q IpF qpT 1q

KerppηF qT 1q �: TpF qpT 1q

e

φ

rFptqstPrTs

Fpτq

pηF qT

IpFqpτq

TpFqpτq

kerppηF qT q�:pεF qT

e1

rFpt1qst1PrT 1s
pηF qT 1

kerppηF qT 1 q�:pεF qT 1

The fact that e is an epimorphism implies that TpF q P T .
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Internal higher categories in the abelian context

Examples

A T Arr2pA q Arr3pA q

F 2-ArrpA q 3-ArrpA q

ObjpT q
0 0

 a

0 0

 

 

 

a3
a1

a2

a epimorphism a1 epimorphism
a2, a3 jointly epimorphic
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Higher central extensions

Grp Ab

ab

%

B ÞÑ B{rB, Bs

ExtpGrpq CExtAbpGrpq

ab1

%

A B

A{rKerpf q, As

f

ab1pf q
H2pBq �

rA,AsXKerpf q
rKerpf q,As

A Bf

rKerpf q, As � 0

Ext2pGrpq CExt2
Ab

pGrpq

ab2

%

A A2

A{C

A1 B

f2

f1

C :� rKerpf1q X Kerpf2q, As
� rKerpf1q,Kerpf2qs

H3pBq �
rA,AsXKerpf1qXKerpf2q

C

A A2

A1 �B A2

A1 B

f2

f1

rKerpf1q X Kerpf2q, As � 0
rKerpf1q,Kerpf2qs � 0
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Higher central extensions

[Everaert, 2014]:

C X

I

H

%

C exact Mal'tsev category
X Birkho� subcategory of C
E class of regular epimorphisms in C

trivial extension
f P E

A HIpAq

B HIpBq

f

ηA

HIpf q

ηB

central extension
f P E st Dg P E

E �B A A

E B

q2

q1 f

g

ExtpC q CExtX pC q

I1

H1

%

ExtpC q full subcategory of ArrpC q corresponding to E
CExtX pC q central extensions of C wrt X
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Higher central extensions

ExtpC q CExtX pC q

I1

H1

%

ExtpC q full subcategory of ArrpC q corresponding to E
CExtX pC q central extensions of C wrt X
E 1 class of double extensions

A A2

A1 �B A2

A1 B

f2

f1

trivial double extension
f P E 1

central double extension
f P E 1 st Dg P E 1

A H1I1pAq

B H1I1pBq

f

η1A

H1I1pf q

η1B

E �B A A

E B

q2

q1 f

g

Ext
2pC q CExt

2
X pC q

I2

H2

%

Ext
2pC q full subcategory of Arr2pC q corresponding to E 1

CExt
2
X pC q central extensions of ExtpC q wrt CExtX pC q
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Higher central extensions

ExtpC q CExtX pC q

I1

H1

%

ExtpC q full subcategory of ArrpC q corresponding to E
CExtX pC q central extensions of C wrt X
E 1 class of double extensions

trivial double extension
f P E 1

central double extension
f P E 1 st Dg P E 1

A H1I1pAq

B H1I1pBq

f

η1A

H1I1pf q

η1B

E �B A A

E B

q2

q1 f

g

Ext
2pC q CExt

2
X pC q

I2

H2

%

Ext
2pC q full subcategory of Arr2pC q corresponding to E 1

CExt
2
X pC q central extensions of ExtpC q wrt CExtX pC q
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Higher central extensions

Proposition (E.)

Let
F F2

F2 G

α1

α2

(�)

be a double extension in A T. Tfae:

1 p�q is central wrt F .

2 pα1qT , pα2qT are jointly monic for all T R S.

Proof
[Everaert-Gran, 2010]:
C semi-abelian, X Birkho� subcategory, I : C Ñ X protoadditive
ñ pf1, f2q central wrt to X

i� Kerpf1q XKerpf2q P X
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Further questions

Further questions

For A semi-abelian, F is still a Birkho� subcategory of A T

but its re�ector is not necessarily protoadditive and it is not
necessarily torsion-free:
What can we say about the (higher) central extensions in this

case?

For A semi-abelian, we no longer have GrpdpA q � ArrpA q
but GrpdpA q � XModpA q:
How can we incorporate actions in our approach?
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Further questions
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