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Classical divided power algebras
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Classifying space

For G a group, a classifying space is a topological space BG such that
71 (BG) = G and 7,(BG) = 0 for all n # 1.

Fact 1 : There always is a BG, unique up to homotopy.

Fact 2 : There is a natural construction G — BG using the Bar
construction. In particular, BG can be seen as a simplicial set.
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Classifying space

Let F be a field. H.(BG,T) is the homology of G with coef. in F.

The group structure of G induces a multiplication :
x: BG x BG =2 B(G x G) — BG
This induces, through the Eilenberg—Zilber map, a multiplication :
*: Hi(BG,F)® H;(BG,F) — H;i;j(BG,TF).
(Ix], y]) = ) (5 * ()]

(1;v)€Sh(i.j)

where :
Sh(i,j) = { partitions (p, ) with (1 < -+ < ), (11 <--- <)}

Sy = (Spuy=1---Su-1) Sy = (Syy—1---Sy,-1).
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First example : H,(RP>, TF,)

Let F=TF,, G =7Z/27Z.

Fact 1 : The infinite real projective space RP* is a B(Z/2Z).

Fact 2 : @, H,(RP*>,F) = FFEJas [F-vector spaces.

Notation : X,CNQQ—% >(’/\/\
Fact 3 : The multiplication * is induced by :
M\

Denote by '(x) = (D, H,(RP>°,F), *).

Remark : As an algebra, F[x] is generated by x. ['(x) is not :

xix= 1 =0

However, I'(x) is generated by {x21}cn.
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More examples

Over any F, | can define the algebra (I'(x),*) as above.

If char(IF) =0, I'(x) is isomorphic to F[x] as an algebra :

—_—
_—

n Xn
f:l(x)— F[x], xtl R

If char(F) = p > 0, I'(x) is generated by {x,x[Pl, xlP"l ..},

Define y,(x) = xI.
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Definition (Cartan 1954)

A divided power algebra is a commutative associative unital algebra A

with a family of operations (set-maps) v, : A — A satisfying :

(1) ¥o (x) =1, X’I(x) =X, deg ‘{'k(x) = k.deg(x) .

(2) ";," (x) \.fh(x) = (k,h) Yiea h(x) , en notant (k,h) le coefficient
binominal .(l]:_tﬁl'.

(3) Y (x+y) = 2, X( (%) X’(y) (formule de Leibniz)
i+j=k

() Y, () =k Y () 6 () =Y () = Y
(5) ¥ (¥, (x)) = (h,h-1)(2h,b-1)... ((k-1)h,yh-1) ¥, (x) .

[HC] Henri Cartan, Puissance Divisées, Séminaire Henri Cartan de I'ENS,
1954 /1955, Algebre d'Eilenberg MacLane et homotopie.
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Definition (Cartan 1954)

A divided power algebra is a commutative associative unital algebra A
with a family of operations (set-maps) v, : A — A satisfying :

(H) ¥, =1, (U)Y,(x) = x , (M)aeg ¥ (x) = k.deg(x) .

(R/R) 3 (¥) ¥, (x) = (k,h) Y3 5 (x) , en notant (k,h) le coefficient

binominal %

(L) \( (x4y) = _»,1 Y (x) Y(y) (formule de Leibniz)
i+j=k

zk(xb’) = k! Xk(X) X (y) = & \{k(y) = {k(x)y
¥ ¥y, (¥)) = (h,h-1)(2h,h-1)... ((k-1)h,h-1) ¥, () .

Symmetry (Commutativity of the multiplication)
Homogeneity,

Monomiality ~ vk (Ax) = Ay, (x),

Reduction with respect to the repetition of inputs,
Leibniz formula,

Unitality,

Composition.

~
~—~
NCrrm=zITWw
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Founding results

Theorem (Roby 1965)

For V' an F-vector space, the free divided power algebra (V) generated
by V is given by T(V) = @, (V&")Sn.

Vi w = Z o-(v®ew),
U€6n+m/6n><6m

SiGne”
and y,(v) = v, SD\(M/NV\) ,
Remark : '(x) = ().

Theorem (Cartan 1955)

If A is a simplicial commutative, associative algebra, then its homotopy
m(A) is a divided power algebra.

Remark : This implies that @, H,(BG, ) is a divided power algebra for
G abelian.
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Modern version

From now on, F(V) =&, _,(V®")®".

[ has a monad structure. ['(V) is spanned by “monomials”

—> t= Y (V1) %%y (vs),

The unit V. — (V) is v = v1(v), and the composition [(I'(V)) — (V)

is given on monomials
U

() %3, (1)

by the relations of divided power algebras (L), (M), (C). ..

Cartan’s result :

s Comylg > Talg
\
COI’T'IE”g
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Digression : Deriving divided power polynomials

n—1

/
Instinctively, (’;—) = (X i+ SO Y= Yn_1.

Define dy : [(V) — I'(V x( V) by :
s
dv(vn(va) * - %y (vs)) Z% Vi, 0) s ooy 1 (v, 0) % -y (vs, 0) % (0, vi)

‘e nyl’l(vl) oo ’Yri—l(vi) Rk fyrs(vs) wdvi
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Digression : Deriving divided power polynomials

The Kleisli category of ' has objects vector space and morphisms
f:V~~W

are linear maps

[f]: V= T(W).
f : V ~» W has “total derivative” a map Df : V ~~ W x W,

DF] - VD r(w) — 2 r(w x w)

In the opposite of the Kleisli category, we obtain a derivative of maps, in
the sense of Blute—Cockett—Seely.

[BCS] R. F. Blute, J. R. B. Cockett, and R. A. G. Seely, Differential categories (2006).
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Restricted Lie algebras

Another flavour of divided power algebras?

Definition : A Lie algebra is a vector space g with a bilinear operation
[—;—] : g X g — g satisfying :

[a; b] = —[b;a],  [a[b;c]] + [c;[a: b]] + [b; [c; a]] = 0.

In characteristic p, a (p=restricted Lie algebra is a Lie algebra endowed
with an operation a + alP! such that :

(M) ()\a)[p] —  \PalAl
(L) (a+b)Fl = alfl 4 bl 4 572 si(a, b),
(O) EL la; [a; ... [.3; bl]...],

where s;(a, b) are Lie polynomials in a and b.
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Examples of Restricted Lie algebra

Over a field of characteristic p,

Example 1 : If A is an associative algebra, define a Lie bracket on A by
[a; b] = ab — ba. Then the operation a — aP makes A into a p-restricted
algebra.

Example 2 : The algebra of derivations of a (non-necessarily associative)
algebra is a restricted Lie algebra for the p-th power. ..

Example 3 : The Lie algebra associated to an algebraic group over a field
of characteristic p is a p-restricted Lie algebra (A. Borel, 91).

Example 4 : The homotopy of a simplicial Lie algebra is a p-restricted Lie
algebra.
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Operads
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“An operad encodes operations”
An operad P = (P(n)), is a sequence of vector spaces J(n) of
“arity n operations’” :

1 ... ... n

TV

together with actions &, ~ P(n) “permuting inputs’,
Composition of operations :

¥ ..¥ N
W — t)(})/l/

0

A unit for composition 1» € (1),
+ compatibility relations (unitality, associativity, equivariance).
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Operads as monoids

A symmetric sequence is a sequence (#(n)), of & ,-representations.

The tensor product of symmetric sequences is given by :

(M@ N)(n) = EP Indgs (i) @ N ().

i+j=n

The composition product of symmetric sequences is given by :

—
(M o N)(n) = @/z @@/V@)k)(n).)ﬁ

k .
An operad is a monoid for o.
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Algebras

An operad has “algebras”.
P-algebra = vector space endowed with the operations of &.

Examples : As, Com, Lie ... Com(n) =T trivial rep. for n > 0.

More precisely : For each operad &, there is a monad S(2, —) in vector
space : \/ 5 30\/
S(@.V) = P P(n) ©s, VE" =P o V. V e
" RN}
S(As, —) = tensor algebra,
Examples : S(Com, —) = symmetric algebra,
S(Lie, —) = free Lie algebra. ..

Definition : a 9P-algebra is an algebra over the monad S(%, —).

Sacha lkonicoff Divided power algebras



The I functors

Define another composition product on symmetric sequences :

(M5 N)(n) = @D (e (k) @ (F®(n))) ™.

k>0

Define a functor (2, —) such that :

(2, V)= (Pn)o ven)T =25V

n>0

Remark : For 2 = Com, ['(Com, —) =T the free divided power monad
Fact : If 2(0) = 0, then (2, —) has a monad structure.
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Divided power algebras over an operad

Definition : a divided power 9 -algebra is a (P2, —)-algebra.

Theorem (Fresse 2000)

For & = Lie : Divided power Lie-algebras are p-restricted Lie algebras.

Theorem (Fresse 2000)
For any & such that (0) = 0,

SPalg - > (P, —)alg

N

g)alg

Is there a general characterisation involving monomial operations ?

[F] Benoit Fresse, On the homotopy of simplicial algebras over an operad (2000).
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Characterisation of divided power algebras

Sacha lkonicoff Divided power algebras



Intuition
one-sided proof

Fact 1 : A divided power algebra is a vector space A with a map
fa:T(PA)— A

satisfying relations (associativity and unity).

Fact 2 : (2, A) is spanned by elements :

= Z O'M(X)O'(ai@n@“'@a;@rs)

For ri + o+ rs = n, [ c @(n)ngXn.XGrs’ aj € A

Construction : For all r=(r1,...,rs), p € P(ry + -+ rs)®r, we obtain
an's-ary monomial operation 3, , such that :

Bu.r(ar,...,as) = fa(t).

These B's will play the role of the +'s of Cartan.
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General characterisation of ['(?)-algebras

Theorem (1.,2019)

A [(9P)-algebra is a vector space A equipped with operations
Bur: A — A, linear in p, satisfying relations of the type :

(5). (H), (M), (R/R), (L), (U), (C).

Upside 1 : This avoids complicated axiomatisation, and allows practical
computation.

Upside 2 : This also ties the general case to the classical divided power
algebra case and the restricted Lie algebra case.

Downside 1 : Ugly formulae.

Downside 2 : Too many operations.
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Minimal characterisations
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Toy example : Level algebras

Definition : A level algebra is a vector space A with a bilinear,
commutative, non-necessarily associative operation x : A® A — A, such
that :

(axb)*x(cxd)=(axc)x*(bxd).

Example : If Ais a commutative associative algebra, a x b := \ab for all
A € F makes (A, *) into a level algebra.

Fact : There is an operad Lev whose algebras are level algebras.

Theorem (1. 2019)

Over a arbitrary field, the minimal characterisation of divided power
Lev-algebras involves an infinite number of operations 3, ,.

Theorem (1. 2021)

If char(IF) = 2, a divided power level algebra is a level algebra endowed
with a “divided square”.
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P-algebras with derivation
) 23 b +e i)

Fact : For all & there is an operad Ders whose algebras are &-algebra
with a P-derivation (following the examples As, Com, Lie,...)

Theorem (1. 2021)

A divided power Derg-algebra is a divided power S-algebra (A, [3)
equipped with a linear map d : A — A satisfying :

LD d (B,u,f(al? o o aS)) - Z BX,LO,'(r;—].,l)(a]J ey di, d(ai)7 dj+1-- -, a5)7
i=1

where ro; (r; — 1,1) = (r, ..., ric1, i — L1 rivg, ... rs).

V.

For & = Com, we recover a notion of “special derivation” (Dokas, 2021),
or “power rule" (Keigher—Pritchard, 1998) : d(v,(x)) = d(x)vn—-1(x)

For & = Lie, we recover the notion of restricted derivation (Jacobson
1941).
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Work in Progress
Return to CDC

Fact : If & is an operad, and A is a vector space with a lineard : A — A,
there is a universal way to extend d into a derivation on S(2, A).

Construction : Let A=V x V and d(v1, v») = (0, v1). This induces a
derivation d on S(%, V x V). Restrict d to

- d:S(P, V)= S(P,V x V),

For & = Com, we obtain the ‘classical’ differential combinator. We can
do the same on (&, V).

Question : To which condition on & is d a differential combinator ?

L SBV) = S [P vxy)

™ %8
) SCP}\/)
Connected to : [BLO] R. F. Blute, R. B. B. Lucyshyn-Wright, and K. O’'Neill,
Derivations in codifferential categories [2016]
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Thank you for you attention.
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/A Ugly formulae

(S) Symmetry :

BX,L((ai)i) — Bp*-x,fp((ap—l(i))i) v,O - 6p,

where p* denotes the block permutation with blocks of size (r;)icp]
associated to p.

(H) Homogeneity :

BX,(O,rl,rg,...,rp)(am dl, ..., ap) — BX,(rl,rz,...,rp)(ala ceey ap)°

(M) Monomiality :

BX,L(Aala a2, ..., ap) — Arlﬁx,f(al, ceey ap) VA eF.
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/A Ugly formulae

(R/R) Reduction with respect to repetition of inputs :

Bxr(a1,...,a1,82,...,32,...,3s,...,3s)
q q2 gs
pr— B(ZUEGqu/GrO‘.X)’ g>5(317 a27 e ey as).
where gD>r=(rn+ -4 rg, ..., lg4etg_i+1 + -+ 1p).

(L) Generalised Leibniz formula :

BX,L(30+317°°°7ap): Z Bx,fol(/,m)(307al7'"7ap)7

I+m=n

where roy (I,m) = (I,m,ra,r3,...,1p).
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/A Ugly formulae

(U) Unitality :
619’(1)(3) =a VYaeA

(C) Composition :

Bx,g(ﬁxl,gl (bl)a s 7ﬁxp,gp ([_Dp)) — BZ ®ri (b)7

TT-M<X®( 1% ))’fo(ﬂi)"elp]_

where | am obviously hiding some definitions under the rug.
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