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Introduction and dimension 1

From SGA 4 [GSDV72], we have:

Pseudo-Colimits in Cat
Let F: B — Cat be a pseudo-functor from a category B. Then

= -1
colI;m F =elF[CT7],

where C is the collection of co-Cartesian arrows.
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Introduction and dimension 1

From SGA 4 [GSDV72], we have:

Pseudo-Colimits in Cat
Let F: B — Cat be a pseudo-functor from a category B. Then

= -1
colI;m F =elF[CT7],

where C is the collection of co-Cartesian arrows.

And it's also a well-known fact that:
Lax Colimits in Cat

Let F: B — Cat be a pseudo-functor from a category B. Then
lax- colim F = el F.

=
B
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Some generalizations. . .

Since then, those results have been generalized to higher dimensions:
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is generalized to a “marked” (o-colimits) case in [Ber20].
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Some generalizations. . .

Since then, those results have been generalized to higher dimensions:
e In [Gra74], this is studied for strict 2-categorical diagrams and
“Cartesian quasi colimits” (later called o-colimits).
e In [CCG11], the Grothendieck construction of a lax functor
F: B — Bicat from a category B is shown to be a lax tricolimit.

e In [GHN17], the Grothendieck construction given by unstraightening
in the theory of (00, 1)-categories is shown to yield a lax colimit. This
is generalized to a “marked” (o-colimits) case in [Ber20].

Goal

Our goal here is to study similar results for bicategories to understand
what happens when we have to deal with non-invertible higher cells.
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Some generalizations. . .

Since then, those results have been generalized to higher dimensions:

e In [Gra74], this is studied for strict 2-categorical diagrams and
“Cartesian quasi colimits” (later called o-colimits).

e In [CCG11], the Grothendieck construction of a lax functor
F: B — Bicat from a category B is shown to be a lax tricolimit.

e In [GHN17], the Grothendieck construction given by unstraightening
in the theory of (00, 1)-categories is shown to yield a lax colimit. This
is generalized to a “marked” (o-colimits) case in [Ber20].

Goal
Our goal here is to study similar results for bicategories to understand
what happens when we have to deal with non-invertible higher cells.

We use Buckley's definition of fibration of bicategories and the
corresponding Grothendieck construction [Bucl4].

Pablo Bustillo Vazquez (ENS) Colimits and [ Novemberfest 2021 3/15



Exploring [ in low dimensions

In the covariant case, the Grothendieck construction of a weak functor
F: C — (higher)Cat would take the following form:
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Exploring [ in low dimensions

In the covariant case, the Grothendieck construction of a weak functor
F: C — (higher)Cat would take the following form:

e Objects: Pairs (x,x_) with x: C and x_: Fx
e Arrows: Pairs (f,f): (x,x_) = (y,y—) with f: x - y and

f: Ff(x2) = y_
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Exploring [ in low dimensions

In the covariant case, the Grothendieck construction of a weak functor
F: C — (higher)Cat would take the following form:

e Objects: Pairs (x,x_) with x: C and x_: Fx
e Arrows: Pairs (f,f): (x,x_) = (y,y—) with f: x - y and

f: Ff(x2) = y_

o 2-cells: Pairs (0,0_): (f,f—) — (g,g-) with 8: f — g and

Ff(x-) NN y-

el 54

Fg(x_)
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An extended /ax version

For bicategories, we can reverse-engineer definitions of lax data as in
[GPS95], which gives an extended construction:
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An extended /ax version

For bicategories, we can reverse-engineer definitions of lax data as in
[GPS95], which gives an extended construction:

Lax Grothendieck Construction

For F, G: B — Bicat trihomomorphisms from a bicategory, we have a
pseudo-functor:

/: [B, Bicat]i.x(F,G) — [[ F, [ Gliax/B

(where [B, Bicat]. is a tricategory of trihomomorphisms, lax trinatural
transformations, lax modifications and perturbations, and where

[/ F, | Gliax/s is the bicategory of pseudo-functors, lax-natural
transformations and modifications lying strictly over B)
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Lax dimensional jump

More explicitly, we have
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Lax dimensional jump

More explicitly, we have

“presheaves” “fibrations”
Bicategories / [F
Weak functors F: B — Bicat Ja: [F= [G
Lax transformations aF—=G JT: fa=[B
Lax modifications Ma—p J¢ JT—=[A
Perturbations C:Ir—A
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Lax dimensional jump

More explicitly, we have

“presheaves” “fibrations”
Bicategories [ F b
P
Weak functors F: B — Bicat Ja: [F= [G
P
Lax transformations a:F—=G JT: fa=[B
Lax modifications Ma—p J¢ JT—=[A

Perturbations C:Ir—A

We could introduce /lax diagrams F: B — Bicat. However weak on LHS
corresponds to fibrations on RHS (and the following result would fail if G

is too lax).
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Local equivalence of the Lax construction

Almost-theorem: local /ax equivalence

The functor [: [B, Bicat]i.x(F, G) — [[ F, | Gliax/s described above is

a biequivalence.
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. “almost” as the details are very long and not entirely written yet.
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Almost-theorem: local /ax equivalence

The functor [: [B, Bicat]i.x(F, G) — [[ F, | Gliax/s described above is

a biequivalence.

. “almost” as the details are very long and not entirely written yet.

Theorem from Buckley [Bucl4]: local weak equivalence

For F, G: B — Bicat trihomomorphisms from a bicategory, the functor

/ . [B. Bicat]ueak(F, G) —> Fib([ F, [ G)

is a biequivalence, when all laxity is dropped.
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Local equivalence of the Lax construction

Almost-theorem: local /ax equivalence

The functor [: [B, Bicat]i.x(F, G) — [[ F, | Gliax/s described above is
a biequivalence.

. “almost” as the details are very long and not entirely written yet.

Theorem from Buckley [Bucl4]: local weak equivalence

For F, G: B — Bicat trihomomorphisms from a bicategory, the functor

/ . [B. Bicat]ueak(F, G) —> Fib([ F, [ G)

is a biequivalence, when all laxity is dropped.

... asking for "weak” transformations on LHS corresponds to asking for
“Cartesian” functors on the RHS. ..
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Partially lax dimensional jump

This gives a new picture:
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Partially lax dimensional jump

This gives a new picture:

“presheaves” “fibrations”
Bicategories [ F b
P
Weak functors F: B — Bicat [a: [F—[G
/
Lax transformations aF—=G JT: Ja—[8
O . /
Weak modifications Moa—p J¢JT—=[A

\

Perturbations C:r—A
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Partially lax dimensional jump

This gives a new picture:

“presheaves”
Bicategories
Weak functors F: B — Bicat
Lax transformations a:F— G
Weak modifications MNFa—p
Perturbations ¢:r—A
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Partially lax dimensional jump
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Partially lax dimensional jump

This gives a new picture:

“presheaves” “fibrations”
Bicategories [ F b
Weak functors F: B — Bicat [a: [F—[G
777
Lax transformations a: F— G JT: [fa—= [B ~weak
. . /
Weak modifications Ma—p J¢ JT—=[A
Perturbations ¢:r—A

From the third level up, lax/weak on LHS corresponds to lax/weak on
RHS.
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Correspondence at the level of transformations

Under the restricted biequivalence of the previous slide, we have, for
a: F—= G,

ar is an equivalence <= [« respects Cartesian arrows above
ap is an equivalence <= [ « respects Cartesian 2-cells above 6
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Definition: o-Cartesian functors

For F, G: B — Bicat trihomomorphisms, and for >~ a family of 1- and 2-
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Correspondence at the level of transformations

Under the restricted biequivalence of the previous slide, we have, for

a: F— G,
ar is an equivalence <= [« respects Cartesian arrows above
ap is an equivalence <= [ « respects Cartesian 2-cells above 6

Definition: o-Cartesian functors

For F, G: B — Bicat trihomomorphisms, and for >~ a family of 1- and 2-
cells in B, a pseudo-functor C: [ F — [ G is called o-Cartesian if it
respects Cartesian cells above .

Theorem: local o equivalence

For F, G: B — Bicat trihomomorphisms, and for ¥~ a family of 1- and 2-
cells in B, we have a biequivalence

/ : [B, Bicat],(F, G) — o-Fib([ F, [ G)
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Back to colimits. ..

Our goal was to link the Grothendieck construction to colimits. We follow
an idea of [Gra74] developed further in [DDS18] and define:
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Definition: o-tricolimits
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For F: B — Bicat trihomomorphisms, and for ¥ a family of 1- and 2-

cells in B, a o-tricolimit of F is a tri(co)representing object of
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e This is easier to define than weighted tricolimits and should be
equivalent (as illustrated in the last slide).

Pablo Bustillo Vazquez (ENS) Colimits and [ Novemberfest 2021 10/15



Back to colimits. ..

Our goal was to link the Grothendieck construction to colimits. We follow
an idea of [Gra74] developed further in [DDS18] and define:

Definition: o-tricolimits

For F: B — Bicat trihomomorphisms, and for ¥ a family of 1- and 2-
cells in B, a o-tricolimit of F is a tri(co)representing object of

[B, Bicat],(F, A(—)): Bicat — Bicat

e This is easier to define than weighted tricolimits and should be
equivalent (as illustrated in the last slide).

e In between pseudo and lax: can choose exactly which coherence cells
of the cocones are equivalences and which are oriented.
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Computing higher colimits of higher categories

We then have a very short proof of how to compute colimits:

Key observation

The Grothendieck construction of a constant diagram A(X) is the product
X x B.

Pablo Bustillo Vazquez (ENS) Colimits and [ Novemberfest 2021 11/15



Computing higher colimits of higher categories

We then have a very short proof of how to compute colimits:

Key observation

The Grothendieck construction of a constant diagram A(X) is the product
X x B.

[B, Bicat],(F, A(—)) ~ o-Fib(| F, [ A(-))
~ o-Fib([ F,B x —)
= [f F, _]C):
= [f F[C)Ellv_]
where Cy is the collection of Cartesian 1- and 2-cells above ¥ and

[J F, X]cs is the full sub-bicategory of pseudo-functors sending cells of Cx
to equivalences.
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N
Generalizations from SGA 4

In particular, for F: B — Bicat a trihomomorphism, we can generalize the
two results we started from:

e For ¥ =), we get
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Generalizations from SGA 4

In particular, for F: B — Bicat a trihomomorphism, we can generalize the
two results we started from:

e For ¥ =), we get

lax-colim F = [ F

e For X = B3, we get

colim F = fF[Cf21

where Cy > is the collection of all Cartesian 1- and 2-cells.
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N
Generalizations from SGA 4

In particular, for F: B — Bicat a trihomomorphism, we can generalize the
two results we started from:

e For ¥ =), we get

lax-colim F = [ F

e For X = B3, we get
. -1
colim F = [ F[C; 5
where Cy > is the collection of all Cartesian 1- and 2-cells.

These are the two extreme cases of o-tricolimits. Arbitrary o-tricolimits
should be as expressive as weighted tricolimits.
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Link between weighted and o-colimits. .. in a bicategory

In bicategory theory, by playing with the universal property of a lax
comma, we have:
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Link between weighted and o-colimits. .. in a bicategory

In bicategory theory, by playing with the universal property of a lax
comma, we have:

JW——"— {o}

[ e o fwE [pre)

B >DD » Cat

w

T e

Ip
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Link between weighted and o-colimits. .. in a bicategory

In bicategory theory, by playing with the universal property of a lax
comma, we have:

JW——"— {o}

[ e o fwE [pre)

B >DD » Cat

w

Y

Ip

We expect a similar proof for tricategories with a universal property of a
tricategorical comma.
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Future work and conclusion

e localizations of bicategories at both 1- and 2-cells haven't been
studied
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Future work and conclusion

e localizations of bicategories at both 1- and 2-cells haven't been
studied ~~ a “straightforward” definition with generators and relations
(with zig-zag-like pasting diagrams for 2-cells) works as
expected. .. and is impossible to work with explicitly as expected (in
addition to size issues).

e Leads to studying a 1- and 2-cells calculus of fractions generalizing
[Pro96] ~~ leads to defining a notion of 1- and 2-cells o-filtered
bicategory (commutativity with finite limits) generalizing [DDS18].

e Subject of a series of papers with Dorette and Martin: two first ones
on the weak case to be submitted, third one on the /lax/o case
presented here.

e In the first two papers, we show that the localization at only 1-cells is
already enough to compute all filtered conical tricolimits in Bicat,
observing a curious phenomenon: the 2-cells are localized “for free”.
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