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Double Categories

@ A double category is an internal category in Cat,
S

(31?00.

o It has
o objects (objects of Cy),
o vertical arrows (arrows of Cy), denoted dy(v)—e—d; (v),

o horizontal arrows (objects of C;), denoted s(f)'*fwf(f),
o double cells (arrows of C;), denoted

A#B

A/H/B/

where do(a) = f, di(a) = f', s(a) = u, and t(a) = v.
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@ For any 2-category C, Q(C) is the double category of quintets
in C, with double cells

— for each a: vf = guin C.
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@ For any 2-category C, Q(C) is the double category of quintets
in C, with double cells

— for each a: vf = guin C.

@ For any 2-category C, H(C) is the double category with double

cells

1A for each a: f = ¢ in C.
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@ For any 2-category C, Q(C) is the double category of quintets
in C, with double cells

— for each a: vf = guin C.

@ For any 2-category C, H(C) is the double category with double
cells

£l for each a: f = ¢ in C.

© The double category V(C) is defined analogously.
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The category DbICat

The category DblCat of double categories has:
@ objects: double categories C, D, .. .;
@ arrows: double functors F, G, .. .;

@ 2-cells: these come in two flavours:
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The category DbICat

The category DblCat of double categories has:
@ objects: double categories C, D, .. .;
@ arrows: double functors F, G, .. .;
@ 2-cells: these come in two flavours:

o vertical transformations v: F' =e= G: C = D given by

Fh

FA——FB

7A$ Th iVYB for each h: A — B in C
(LA L5
Gh

functorial in the horizontal direction and natural in the vertical
direction.
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The category DbICat

The category DblCat of double categories has:
@ objects: double categories C, D, .. .;
@ arrows: double functors F, G, .. .;
@ 2-cells: these come in two flavours:

o vertical transformations v: F' =e= G: C = D given by

Fh

FA——FB

7A$ Yh i"YB for each h: A — B in C
GA——GB
Gh
functorial in the horizontal direction and natural in the vertical

direction.
o horizontal transformations v: F = G are defined dually;

@ modifications given by a family of double cells.
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The category DblCat - Properties

e DbICat is not a double category.
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The category DblCat - Properties

e DbICat is not a double category.

o DblCat is enriched in the category DblCat of double
categories: each DbICat(C, D) is a double category.
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The category DblCat - Properties

e DbICat is not a double category.

o DblCat is enriched in the category DblCat of double
categories: each DbICat(C, D) is a double category.

e DbICat, (resp. DbICat},) is the 2-category with vertical
(resp. horizontal) transformations.
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The category DblCat - Properties

e DbICat is not a double category.

o DblCat is enriched in the category DblCat of double
categories: each DbICat(C, D) is a double category.

e DbICat, (resp. DbICat},) is the 2-category with vertical
(resp. horizontal) transformations.

@ So lax limits have typically been taken in the 2-category
DblCat, or DblCat; with laxity in one direction.
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Diagrams in DblCat

To define a diagram of double categories indexed by a double
category ID:
@ Send objects of I to double categories;
@ Send both horizontal and vertical arrows to double functors;
@ Send double cells to vertical transformations.

So an indexing double functor is a double functor
D — Q(DblCat,)

We will also refer to indexing double functors as vertical double
functors
D — DblCat.
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The Double Grothendieck Construction: Objects and

Arrows

Let D j—) DblCat be a vertical double functor. The double
category of elements, Gr F' = [ F, is defined by:
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The Double Grothendieck Construction: Objects and

Arrows

Let D j—) DblCat be a vertical double functor. The double
category of elements, Gr F' = [ F, is defined by:

@ Objects: (C,z) with C in D and z in FC,
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The Double Grothendieck Construction: Objects and

Arrows

Let D j—) DblCat be a vertical double functor. The double
category of elements, Gr F' = [ F, is defined by:

@ Objects: (C,z) with C in D and z in FC,

@ Vertical arrows:

€,z) &2 (¢, x),

where C' = C’ in D and Fux - 2/ in FC'.
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The Double Grothendieck Construction: Objects and

Arrows

Let D j—) DblCat be a vertical double functor. The double
category of elements, Gr F' = [ F, is defined by:

@ Objects: (C,z) with C in D and z in FC,

@ Vertical arrows:
(C,0) B (', o),

where C' = C’ in D and Fux - 2/ in FC'.

@ Horizontal arrows:
(¢,2) L2 (D,y),

where C' i>D in D, and F'fz i)y in F'D.
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The Double Grothendieck Construction: Double Cells

(f:¢)
(07 $) 7 T (D7 y)

@ Double cells: (u,p)i (a,®) i(v,k) , where a: (u f, v) is a double cell in
(Ca") —= (D',y)
(f"¢")
D and @ is a double cell in FD':

Fop
FvF fx —— Fuy

(Fa)z$

Ff'Fux & A
Ff'p$

Yy /

i ————>
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The Main Theorem

@ There is a doubly lax cocone F' 2. AGr F with the required
universal property:

\*: DblCat (/ F,IE) LYle (/ F,IE)
D D

is an iso of double categories for all [E € DblCat.
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The Main Theorem

@ There is a doubly lax cocone F' 2. AGr F with the required
universal property:

\*: DblCat (/ F,IE) LYle (/ F,IE>
D D

is an iso of double categories for all [E € DblCat.

@ Furthermore, fD extends to a functor of DblCat-categories
Hom, (DD, DbICat);, — DblCat/D

which is locally an isomorphism of double categories

Homy(F, G) = (DblCat /D) (/D F > D, /D @ D) :
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Work in progress

A versions of tom Dieck Fundamental Double Groupoid
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Orbit Category

11/27

For any group G the orbit category Og is defined as follows:
@ Objects: G/H where H is a closed subgroup of G;

@ Arrows: G-equivariant maps
a: G/H - G/K

where H C aKa™!.

Note that arrows can be viewed as points in (G/K)H; they can
also be viewed as elements of (G: conjugation by a after a
canonical projection.
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Orbit Category

Let X be a G-space.
F :Og — Cat

@ Objects: F(G/H) = n(X ™) the fundamental groupoid of X ;

@ Arrows:
Fa:n(X¥) = n(xXH)

[v] — [a7]

12 /27 Marzieh Bayeh The Equivariant Fundamental Double Groupoid



Orbit Category

Let X be a G-space.
F :Og — Cat

@ Objects: F(G/H) = n(X ™) the fundamental groupoid of X ;

@ Arrows:
Fa:n(X¥) = n(xXH)

[v] — [a7]

The tom Dieck orbit category O (X) is obtained as a quotient of a categorical
Grothendieck construction fOG F, we have:

® Objects: (G/H,z) where z € XH;

@ Arrows:

(G/H,z) 2, (G/K,y)

where [7] is a homotopy class of path in X# from z to ay.
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2-Category version of Orbit Category

If G is a Lie group, then Og admits a 2-category structure:
o Objects: G/H where H is a closed subgroup of G;

@ Arrows: G-equivariant maps
a: G/H — G/K

where H C aKa™!.
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2-Category version of Orbit Category

If G is a Lie group, then Og admits a 2-category structure:
o Objects: G/H where H is a closed subgroup of G;

@ Arrows: G-equivariant maps

a: G/H — G/K
where H C aKa™!.
o 2-cells:
a
/_\
G/H [s] I G/K
\/
b

[s] is a homotopy class of paths in (G/K)H from a to b.
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2-Category version of Orbit Category

Let X be a G-space.
F:Oqg — 2-Cat

where 2-Cat is the category of 2-categories
o Objects: F(G/H) = m(XH);
o Arrows: Fa : m(X¥) — n(XH)
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2-Category version of Orbit Category

Let X be a G-space.
F:Oqg — 2-Cat

where 2-Cat is the category of 2-categories
o Objects: F(G/H) = m(XH);
o Arrows: Fa : m(X¥) — n(XH)
o 2-cells:
Fls] : Fa = Fb

/ ‘ [7] :
is a natural transformation and for z; — x5 in X we have

[an]
ary ——— axy

[S:El]l J[sxﬂ

b$1 B bxg
(0]

14 /27 Marzieh Bayeh The Equivariant Fundamental Double Groupoid



2-Category version of Orbit Category

The tom Dieck fundamental groupoid is obtained as a quotient of a categorical
Grothendieck construction fOG I

@ Objects: (G/H, x) where z € XH;
@ Arrows:
(G/H,z) 2, (G/K,y)
where [y] is a homotopy class of path in X from z to ay.
@ 2-cells:
[o] : (a,[7]) = (b, [n])

is a homotopy class of paths from a to b in (G/K) s.t the following diagram
commutes in X

[]

r———3 ay

l[ay}

z — by
(1]

[id]
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Double Category version of Orbit Category

If G is a Lie group, then the orbit category admits a double category structure,
denoted by (D%:

@ Objects: G/H where H is a closed subgroup of G;

@ Horizontal arrows: G-equivariant maps
a: G/K1 — G/K>
where K; C aKsa™ 1.

@ Vertical arrows:

(eI o

homotopy class of paths in G from e to 6(1) where 6(1)K16(1)~! = L;.
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Double Category version of Orbit Category

@ Double cells:

Gl R =R E /5,
[91% 7 %92}
G/Ll T) G/L2

& is a path from a to b such that

01(t) " 1E(1)02(t)

G/K1 G/KZ
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Double Category version of Orbit Category

Double category of fundamental groupoids, Qm(X)
o Objects: x € X;
@ Horizontal and vertical arrows: homotopy class of paths in X;

@ Double cells:
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Double Category version of Orbit Category

F : 0 — DblCat

@ Objects: F(G/K) = Qn(XK);
@ Horizontal arrows:
Fa: QW(XK2) — QW(XKl)

where a: G/K1, — G/K>

@ Vertical arrows:
FO=01)"1: Qn(XI1) - Qn(XEL),
where 0 : G/K, —— G/L;.

Note: The vertical double functors are invertible.
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Double Category version of Orbit Category

@ Double cells:

Qn(X K1) & Qn(XxK2)

]—'0% 25 %7—"02

Qm(xt1) T Qm(x12)

is a vertical transformation,
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Double Category version of Orbit Category

@ Double cells:

Qn(X K1) & Qn(XxK2)

]—'0% 25 %7—"02

Qm(xt1) T Qm(x12)

is a vertical transformation,

@ Forevery z € XL2, F¢, is a path in XX1 from af2(1)~'x to 61 (1)~ b.
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Double Category version of Orbit Category

@ Double cells:

Qn(X K1) & Qn(XxK2)

]—'0% 25 %7—"02

Qm(xt1) T Qm(x12)

is a vertical transformation,

@ Forevery z € XL2, F¢, is a path in XX1 from af2(1)~'x to 61 (1)~ b.

@ For every horizontal arrow u : £1 — 22 in XL2, F¢, is a path homotopy
in XX1 between af2(1)"1u * Fé&z, and Féyy + 61(1) Lbu.
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Double Category version of Orbit Category

The tom Dieck fundamental double groupoid is obtained as a quotient of a categorical
Grothendieck construction
P%(X) = F.
Oc

@ Objects: (G/H, ) where z € X;

@ Horizontal arrows:
(a,u) : (G/K1,z1) = (G/Ka2,x2),

where a : G/K1 — G/K3> is a G-equivariant map in @2(; and wu is a path in
XK1 from 21 to azsy.
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Double Category version of Orbit Category

The tom Dieck fundamental double groupoid is obtained as a quotient of a categorical
Grothendieck construction

P%(X) = F.
Oc

@ Objects: (G/H, ) where z € X;

@ Horizontal arrows:
(a,u) : (G/K1,z1) = (G/Ka2,x2),

where a : G/K1 — G/K3> is a G-equivariant map in @2(; and wu is a path in
XK1 from 21 to azsy.
@ Vertical arrows:
(61,01) : (G/K1,21) —> (G/L1,y1),

where 01 : G/K1 —»» G/Lq is a vertical arrow in ©2G and oy is a path in XK1
from 27 to 61 (1)~ ly;.
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Double Category version of Orbit Category

@ Double cells:

(G/K1,21) & (G/K2,z2)

(91,0&1& (& ®) %02’%)

(G/L1,91) T (G/La,y2)
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Double Category version of Orbit Category

@ Double cells:

(G/K1,21) & (G/K2,z2)

(91,0&1& (& ®) %02’%)

e | ER Y

(b,v)
r1 L axr
.
SRR & G/, /. % s,
91£ & \{92 frfyz
G/I ===t G/Ls 01(1) "'y m 01(1) " by2
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u
1) ax?
iCLOéQ
aje P aﬁg(l)*lyg
i‘/—:‘gl&
1(1) "Ly ———— 61(1) by
1(1 v
[
QAT (o)
[idm] J[Uy]
r—— by
[7]
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1 axs
iCLOéQ
aje 0] aﬁg(l)*lyg
i‘/—:‘gl&
01(1 _lyl — > 01(1 _lbyQ
07— 1)
z J]_> ay x1 bz ars i afa (1)~ Ly
A1 SRR $7¢,
x W by 21— 01(1) "'y W 91(1)‘1l?y2
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Higher Topological Complexity

@

()
Y
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Higher Topological Complexity

@

®

()
Y
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Higher Topological Complexity

@
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example

Consider the action of G = S' x Zy C C x Zs on a cylinder
C = S! x [~1,1] defined by

GxC—C
(aaﬁ) i (t7$) = (O‘tvﬁx)
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example

Consider the action of G = S' x Zy C C x Zs on a cylinder
C = S! x [~1,1] defined by

GxC—C
(aaﬁ) i (t,x) = (O‘tvﬁx)

@ For any point = € C on the central circle of C, we have
G$=K={O}XZ2.

X% = st x {0}.
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example

Consider the action of G = S' x Zy C C x Zs on a cylinder
C = S! x [~1,1] defined by

GxC—C
(aaﬁ) i (t,x) = (O‘tvﬁx)

@ For any point = € C on the central circle of C, we have
G$=K={O}XZ2.

X% = st x {0}.
o For any other point y € C, we have G, = E is trivial.

e — x.
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T m ay 1 & axo s afa(1)~ya
[id.] l[ay} [ida] ff fuz
z ——— by 1 ——o— 01(1) " lyr ——— 01(1) by

[7) ¥, 0N
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Thank you!
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